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Abstract

This paper develops a general theory of optimal income
taxation with multiple dimensions of agent heterogeneity.
The main technical hurdle in developing this theory is the
possibility that individuals have multiple optimal incomes.
Using a perturbation approach, optimal tax formulas are
derived that account for the possibility that individuals
have multdiple optima and, hence, account for the possi-
bility that individuals jump between their optimal income
levels when the tax schedule is perturbed. The magnitude of
these effects is quantified, thereby augmenting the optimal

tax formulas from Saez (2001) with additional “jumping
effect” terms. The paper provides a partial characterization
of when individuals with multiple optimal incomes may
exist under the optimal tax schedule. Finally, the paper
derives a new methodology to simulate optimal income
tax schedules with multidimensional heterogeneity. This
method is implemented numerically, showing that individ-
uals with multiple optimal income levels can exist under
the optimal tax schedule.
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1 Introduction

The canonical Mirrlees (1971) optimal income taxation problem examines how to best
redistribute labor income among a population of individuals who differ only in terms
of how productive they are. However, in reality, individuals differ on many dimensions
such as preferences for consumption relative to leisure, labor supply elasticities, and
participation costs of being in the labor force. Understanding how the results from the
Mirrlees optimal tax model generalize to settings with richer individual heterogeneity is

thus an important agenda for both economists and policy-makers.

The fundamental challenge with extending the results from Mirrlees’s optimal tax
problem to settings where individuals differ on many (unobservable) dimensions is the
possibility that some individuals have multiple optimal income levels under the optimal
tax schedule.! In the approach developed by Piketty (1997), Diamond (1998), and Saez
(2001), optimal income tax schedules are derived by considering small variations to the
tax schedule. However, if some individuals have multiple optimal income levels, then these
individuals will not respond smoothly to a small variation in the tax schedule; instead,
they will “jump” between their initially optimal income levels, which complicates the
analysis of optimal taxation. Typically the optimal income taxation literature (both
in settings with unidimensional agent heterogeneity and with multidimensional agent
heterogeneity) has assumed away the presence of individuals with multiple optimal income
levels.? While we will show that, under standard assumptions, one can rule out the
possibility that individuals have multiple optimal income levels when they differ only in
terms of how productive they are, we show that it is, in general, impossible to rule out

the presence of individuals with multiple optima when heterogeneity is multidimensional.

The first part of this paper develops a general theory of optimal income taxation with
multidimensional agent heterogeneity that accounts for the possibility that individuals
have multiple optimal income levels. We consider a population of individuals who differ
on many arbitrary dimensions and choose labor supply to maximize their own utility.
The government chooses an income tax schedule to maximize the total welfare of this
population taking into account agents’ behavioral responses to tax changes.®> To derive

a formula for the optimal tax schedule, we analyze the welfare impacts of a novel tax

IThis paper will only be concerned with agent heterogeneity that is unobservable to the government,
or equivalently, heterogeneity that the government does not wish to condition the tax schedule on. This
is in direct contrast to the tagging literature (e.g., Akerlof (1978), Cremer et al. (2010), or Mankiw and
Weinzierl (2010)) whereby the government bases taxes on observable characteristics.

2To the best of our knowledge, we do not know of any papers that account for the possibility that some
individuals have multiple optimal income levels in settings with multidimensional agent heterogeneity.
However, using a mechanism design approach, Hellwig (2010) explores the possibility that individuals
have multiple optimal income levels in a setting with unidimensional heterogeneity.

3Thus, both the action space of the agents and the policy space of the government are unidimensional.
This is in contrast to papers such as Kleven et al. (2009) or Golosov et al. (2014), which consider
multidimensional action and policy spaces.



perturbation. Our perturbation approach applies insights from Golosov et al. (2014)
and Jacquet et al. (2013) to mathematically formalize the perturbation approach from
Saez (2001) while retaining Saez’s (2001) core economic intuition. We allow for the
possibility that individuals have multiple optimal income levels and, thus, jump between
these optimal income levels in response to our perturbation. We quantify the magnitude of
these jumping effects and show that the optimal tax formula consists of multidimensional
versions of the mechanical, elasticity, and income effect terms originally discussed in Saez

(2001) as well as additional jumping effect terms.

We then derive a partial characterization of when individuals will have multiple opti-
mal income levels (or, equivalently, when jumping effects will occur). Our first result is
that when individuals only differ in terms of how productive they are, no individual will
ever have multiple optimal income levels under the optimal tax schedule given continu-
ity assumptions on the productivity distribution and sensible assumptions on individual
utility. We then use this result to show that certain classes of problems with multiple di-
mensions of heterogeneity will also never yield an individual with multiple optima under
the optimal tax schedule. Our second result, however, proves the existence of sensible
conditions for which some individuals w:ll have multiple optimal income levels under the

optimal tax schedule when heterogeneity is multidimensional.

The second part of this paper develops and implements a new method to numeri-
cally simulate optimal income tax schedules when agents have multiple dimensions of
heterogeneity and some individuals (potentially) have multiple optimal incomes. Our
key contribution is showing we can differentiate the governments optimality condition
to yield a computable differential equation that characterizes the optimal tax schedule.*
This differential equation holds at all income levels for which no individual with multiple
optima locates. If no individuals have multiple optimal incomes, we can simply solve
this differential equation to yield the optimal tax schedule.” If, on the other hand, indi-
viduals do have multiple optimal incomes, we prove that the optimal tax schedule will
be non-differentiable at these income levels and that there will be bunching.® Hence,
we augment our simulation procedure to solve the resulting piece-wise differential equa-
tion, searching over the individual who has multiple optimal incomes and the size of the

discontinuities in the marginal tax rates at their optimal incomes. We then consider a

4This is useful because it yields an expression for the optimal marginal tax rate at a given income
level that is not a function of the optimal marginal tax rate at any other income level. This is in contrast
to the optimality condition from, for example, Saez (2001) in which the optimal marginal tax rate at a
given income level is a function of the marginal tax rates at incomes above the given income level.

5We show numerically that in unidimensional problems, our method yields identical tax schedules to
the Hamiltonian approach a la Mirrlees (1971) or Saez (2001).

S0Qur optimal tax formulas also allow for the possibility of bunching at non-differentiable points of
the tax schedule. While bunching has been largely assumed away in the optimal tax literature using the
tax perturbation approach, bunching has been explored extensively using mechanism design approaches,
see, for example, Lollivier and Rochet (1983), Guesnerie and Laffont (1984), and Ebert (1992).



numerical example where individuals differ not only in productivity but also in curvature
of disutility over labor (which is inversely proportional to the elasticity of earnings with
respect to the tax rate). We illustrate that our method can solve for tax schedules when
agent heterogeneity is multidimensional and is able to handle the possibility that some

individuals have multiple optimal income levels.

We are not the first paper to explore optimal taxation with multidimensional agent
heterogeneity. Assuming that individuals have a single optimal income level, Mirrlees
(1986) derives optimality conditions using a mechanism design approach, although the
equations prove to be unwieldy and computationally intractable. Saez (2001) conjectures
that the optimal tax formulas he derives can be extended to multiple dimensions of
heterogeneity if one simply averages the relevant labor supply elasticities. Jacquet and
Lehmann (2020) show formally that this conjecture holds under the assumption that no
individuals have multiple optimal income levels.” ® Our primary contributions are (1)
proving that individuals can have multiple optima under sensible conditions when agent
heterogeneity is multidimensional, and (2) showing that by quantifying and accounting for
jumping effects, which arise when individuals have multiple optima, we can characterize

the optimal tax schedule in multidimensional settings.

While the presence of individuals with multiple optima has typically been assumed
away in the optimal tax literature, Hellwig (2010) explores this possibility using a mech-
anism design approach in the context of a general unidimensional incentive problem,
proving the existence of an agent with multiple optima when there are mass points in
the type distribution.” In contrast, we use a tax perturbation approach to quantify the
jumping effects that result from individuals with multiple optimal incomes and show
that individuals with multiple optima can exist with smooth type distributions if agent

heterogeneity is multidimensional.

Finally, prior work has utilized a number of different approaches to simulate optimal
income tax schedules. Mirrlees (1971) showed that one can solve the unidimensional
optimal income tax problem using a system of equations derived from Hamiltonian op-
timization. Mirrlees’s Hamiltonian approach has been used not only in optimal income

taxation papers with unidimensional heterogeneity, e.g., Saez (2001), but also in papers

"Scheuer and Werning (2016) also note in an appendix that one can average the relevant elasticities
to generalize the optimal tax formula to account for multidimensional heterogeneity if no individuals
have multiple optimal income levels.

8 Additionally, a number of papers, such as Boadway et al. (2002), Choné and Laroque (2010), and
Lockwood and Weinzierl (2016), have explored how adding various specific forms of heterogeneity impacts
different aspects of the tax schedule.

9Moreover, the literature on optimal taxation with extensive margin effects also allows for the possibil-
ity that individuals have multiple optima; however, individuals can only be indifferent between working
and non-working (e.g., see Jacquet et al. (2013), Choné and Laroque (2005), Saez (2002), and Diamond
(1980)). Our paper is, to our knowledge, the first to explicitly take into account the possibility that
individuals have two non-zero optimal incomes in a multidimensional setting.



with multidimensional agent heterogeneity where labor supply decisions can be rewrit-
ten as a function of a unidimensional parameter (e.g., Choné and Laroque (2010) and
Lockwood and Weinzierl (2016)). Alternatively, other papers have used iterative meth-
ods to solve for the optimal tax schedule in both unidimensional and multidimensional
settings (e.g., Mankiw et al. (2009) or Jacquet and Lehmann (2020)).'° However, the
Hamiltonian approach does not appear to be feasible with multiple, arbitrary dimensions
of heterogeneity (given the number of incentive compatibility constraints) and we found
the iterative method impossible to adapt to the situation in which some individuals have
multiple optimal income levels due to numerical instability. Thus, we contribute by de-
veloping a novel simulation method that allows for agents to differ on many, arbitrary
dimensions and allows for the possibility that some individuals have multiple optimal

income levels.

The rest of the paper proceeds as follows: Section 2 states the optimal taxation problem
we consider and discusses elasticity concepts as well as important assumptions, Section 3
derives first order conditions for the optimal schedule with multidimensional heterogene-
ity, Section 4 discusses our results about the existence (and non-existence) of individuals
with multiple optimal income levels, Section 5 develops our simulation methodology and

presents the results of our simulations, and Section 6 concludes.

2 The Mirrlees Optimal Tax Problem with Multiple

Dimensions of Heterogeneity

In this section we discuss the setup of the Mirrlees optimal taxation problem when indi-
viduals have multiple dimensions of heterogeneity. We present the government problem,
individual preferences, as well as a number of elasticity concepts that will be necessary

to employ the perturbation argument.

2.1 Preferences

The model consists of a population of individuals, indexed by a productivity level n € N
with N C R, and a second type of heterogeneity o € A (note, « could represent a
vector of characteristics). We assume the distribution of productivities is continuous,
while the distribution of « is discrete. We assume a comes from a discrete distribution

for simplicity and to match our simulation procedure.'’ Denote the joint CDF of types by

00ther papers, such as Judd et al. (2018), have explored optimal taxation with multidimensional
heterogeneity with discrete types using brute force numerical optimization.

1A continuous o distribution merely complicates the exposition. Appendix B derives optimality
conditions for a continuous « distribution. As will be seen later, the key difference is that when «



F(n,«), the conditional CDF of n given «a as F(n|«), and probability mass function for
a as p(a). We assume the conditional distribution F'(n|a) is continuously differentiable V
a € A. Individuals have utility over consumption, denoted ¢, and labor supply, denoted
[, according to a utility function that varies with a: u(c, l; o), with u, > 0,u; < 0, Uz <
0,uy < 0.'2 Individuals are able to transform their labor supply into income, denoted
z, with a simple linear production function: z = nl. If we denote the tax function as
T(z), we have that ¢(z) = z —T(z), which allows us to write the individual maximization

problem as:

z
max u (c(z), —; a)
z n

Note, even when we express the utility function in terms of z, we still use the notation
Ue (2 —T(z2), % a) and v, (z —T(z2), % 04) to refer to the derivatives with respect to the
first and second arguments, respectively. Using this simple change of variables allows us
to think of people as having preferences over pre-tax income z as well as post-tax income
¢(z); this formulation will be useful going forward as it simplifies the notation in both

the written and graphical exposition.

2.2 Government Problem

The government gets to set the tax function 7'(z) and seeks to maximize a general so-
cial welfare function that sums an increasing transformation of individual utility levels,
W (u;n, ), subject to a revenue constraint that total consumption in society plus ex-
ogenous government expenditures, £, must not exceed total income.'® Additionally, the
government faces incentive compatibility constraints: individuals will choose income lev-
els to maximize their utility subject to the tax schedule. The government cannot observe

n or « for any individual, but can observe the distribution of types F'(n,a). We can write

is continuously distributed, the marginal tax schedule can be continuous at incomes for which some
individuals have multiple optimal incomes; whereas, when « is discretely distributed, we show that at
these income levels, the marginal tax schedule is discontinuous - see Proposition 5.

12Labor supply should be interpreted broadly as a composite measure of the long-term total effort a
worker exerts; hence, it should be interpreted as a function of hours worked, work intensity as well as
human capital investments individuals make in themselves prior to working.

13See Jacquet and Lehmann (2020) for further details on this general social welfare function.



the government problem as follows:

max Z/ < ( n, ), @;o& ;n,a) dF (n]o)p(a)
St. Z/ “(n, @)dF(n|a)p +E<Z/ (n, 0)dF (n]a)p(a)

a€A acA

z
2*(n,a) € argmax u (z —T(2),—; a) Vn, «
z n

c*(n,a) = z*(n,a) = T (2" (n, a))

Note, for ease of notation, we have omitted that agents’ optimal choice of income, 2*,
will be a function of the tax schedule. In order to characterize the optimal tax schedule,
we will use a variational approach as in Saez (2001). To start with, we write down
the government’s Lagrangian as follows, noting that z*(n,«) satisfies agents’ incentive

compatibility constraints:

L= Z/ l ( ( (n,a>,@;a>;n,a>+AT(z*<n,a>)} dF (n)a)p(a)

acA

where, without loss of generality, we set £ = 0, and have used T'(z*(n,a)) = 2*(n, o) —
c*(n,a). The variational argument that we employ will maximize this Lagrangian, tak-
ing into account the incentive compatibility constraints (i.e., taking into account that
2*(n, ) varies with the tax schedule). However, we next take a slight detour to discuss
technical assumptions and to define a number of elasticities that will be useful towards

understanding how changing the tax schedule affects the government Lagrangian.

2.3 Technical Assumptions

In order for us to employ a variational argument to derive the optimal tax schedule, we
need to make the following standard assumption on individual preferences:
u(c,Z;a

Assumption 1. The Single Crossing Property (SCP) holds: —% 1s decreasing in

n Ve, z, a.

Assumption 1 ensures that individual preferences satisfy a kind of monotonicity: for a
given a, the steepness of indifference curves in (income, consumption) space is increasing
in productivity n. Sufficient conditions for (SCP) to hold are that —%ul (c, o a) is strictly
decreasing in n (i.e., the utility cost of labor is convex) and that u,. (c, Z; ) is weakly
increasing in n (i.e., leisure and consumption are complements). We will use Assumption
1 primarily to ensure that income exhibits monotonicity in productivity n:

Lemma 1. If (SCP) holds, then z*(n, a) is non-decreasing in productivity n ¥ «. More-



over, if (SCP) holds, z*(n,a) is increasing in n ¥V o whenever T"(z) exists.
Proof. See Appendix A.1. m

With Lemma 1, we can prove the following Lemma:
Lemma 2. If (SCP) holds, the set of individuals with multiple optimal income levels is

countable.
Proof. See Appendix A.2. m

Graphically, the main idea of the proof is illustrated in Figure 1, which depicts an
impossible scenario under (SCP). Importantly, under (SCP), indifference curves for two
individuals with the same a cannot cross more than once. Thus, if individual (n, @)
has two optima (illustrated by the blue indifference curve), then no individual (ng, @)
can optimally locate in between his two optima (illustrated by the red indifference curve
crossing the blue indifference curve twice). Thus, for fixed «, each individual with multiple
optima can be associated with a unique jump discontinuity of z*(n, ). Because z*(n, «)
is a weakly monotonic function in n for each o by (SCP), it can only have a countable
number of jump discontinuities. As such, the number of individuals with multiple optima
is countable for a fixed o and, because the union of countable sets is also countable, the

number of individuals with multiple optima across all a’s is also countable.

IC(ny, @) c(z2)=2z-T(z)

1C(ny, @)

z

Figure 1: Impossible Scenario Under (SCP)

Next, for each «, denote mj(a), ma(a),... as the productivity levels (in ascending
order) of individuals with multiple optimal income levels under a given tax schedule T’
(for ease of notation, we have suppressed that m;(«) is a function of the tax schedule T).

We denote 2/~ («) and 2" («) as the minimum and maximum optimal income levels for



type (m;(a), o):

z

2~ (a) = min ( argmax u (z —T(2), — ;a))

2 () = max ( ATgMAX U (z ~T(2), ;a))

z

Then m;(«) satisfies the following indifference condition:

We now make an assumption that there exists a minimum distance D; between the
productivity levels of individuals who have multiple optimal income levels. Specifically,
we assume:

Assumption 2. Under the optimal tax schedule, there exists a minimum distance Dy > 0

s.t. m;(a) —m;_1(a) > Dy V a.

This assumption is needed to rule out pathological settings whereby all individuals with
rational productivity levels have multiple optima, for example. We also make an assump-
tion that there exists a minimum distance Dy between income levels for which there exists
someone with multiple optimal income levels:

Assumption 3. Define the set of income levels {2} to be the income levels such
that there exists an individual with optimal income z* € {z"™!*} that has other optimal
income levels. Under the optimal tax schedule, there exists a minimum distance Dy > 0
st Zmult — ymlt 5 D,

We will also make the following assumption on the shape of the optimal tax schedule:
Assumption 4. T'(z) is “piece-wise smooth”: T(z) is continuous Vz and twice continu-
ously differentiable ¥z except at most for a countable set of kinks, {K;}, separated by a

minimum distance, K; — K;_; > Ds."*

2.4 Elasticities

Our goal is to analyze the effect on the government Lagrangian of perturbing the tax
schedule T'(z) in the direction of a twice continuously differentiable schedule 7(z)." For-
mally, for ;1 € Ry, we define the perturbed tax schedule T'(z) = T(z) + pu7(z). We then

14We show in Section 4 that if an optimal tax schedule has an individual with multiple optimal income
levels, it cannot be twice continuously differentiable at these income levels. Thus, it is insufficient to
consider everywhere twice continuously differentiable tax functions when some individuals potentially
have multiple optimal income levels.

157(2) could, in principle, also be piece-wise smooth, but this additional complication will not be
needed to derive our main optimality condition.



derive the change in the government Lagrangian as p — 0. In other words, we compute
the Gateaux derivative of the government Lagrangian following the local perturbation
of the tax schedule T'(z) in the direction of 7(2).'® However, before doing so, we define
two elasticities, the compensated elasticity and the income effect parameter. The com-
pensated elasticity, Z; ,, captures how type (n, «) changes her optimal income when we
decrease her marginal tax rate while leaving her tax liability unchanged; this corresponds
to perturbing the tax schedule in the direction of 7(z) = —(z — 2*(n, @)).'” The income
effect, 7,4, captures how type (n,«) changes her optimal income when we decrease her
tax liability while leaving her marginal tax rate unchanged; this corresponds to a per-
turbation in the direction of 7(z) = —1. First, let’s derive an expression for how type

(n,a)’s optimal income changes as we move in the direction of any 7(z).

Under the perturbed tax schedule, whenever T"(z) exists, an agent’s optimal income
must satisfy her FOC:

z* 1 z*
e (2= T =), S ) = T = ) (= 1) = wr ). 5 ) =0
n n n
Next, we show that if an individual has a unique optimal income located at a point where
T"(z) exists and is continuous, this individual’s second order condition must hold strictly:
Lemma 3. An individual’s second order condition must hold strictly if the individual has
a unique optimal income level and the tax schedule at this unique optimal income level is

twice continuously differentiable.
Proof. See Appendix A.3. n

Thus, for individuals with a unique optimal income located at a point where T7"(z)

exists and is continuous, we can use the implicit function theorem to describe how their

optimal income changes with y for any 7(z):'®

0| uir (2%) + up (1= T'(z)7(2") + By, (1)
Op lu=0 uz (1= T'(2%) + 2uz(1 = T'(2*)) + spufy — wtT" (=)

where, in Equation 1, we have omitted that z* is a function of (n,«a) and where u} =

Ue (z*(n,a) —T (z*(n,q)), @;a) denotes the marginal utility of consumption for

(n,«) at their optimal income level (u}., u’,, and u;j; are similarly defined).

16This approach is used in Golosov et al. (2014), for example.

17Conceptually, the compensated elasticity captures the behavioral response of (n,a) to a “rotation
in the tax schedule” around her initially optimal income z*(n, «).

8The insight that one can define elasticities taking into account the non-linearity of the tax schedule
using the implicit function theorem so long as the second order condition holds strictly comes from
Jacquet et al. (2013).



We can now define the compensated elasticity for type (n, ) as follows:?
1 —=T'(z*)dz*
2* d,u u=0,7(z)=—(2—2*(n,a))
1-T'(z") uy,

2 g (L= T'(2))? + Ju (1= T'(2%)) + gruj — uzT"(2)

Cc i
Zpa =

And we can define the income effect parameter for type (n,«) as follows:

dz*
d[l, n=0,7(z)=—1

Mo = (1=T'(z"))

ue (1 —T'(z")) —

=0T T B =T e

We can now rewrite how optimal income changes as we move in the direction of any 7(2)

(i.e., rewrite Equation 1) in terms of these elasticities:

aZ* ZrCL az* / Mo
_Tme® ey e o 2
7P T LG A w7 pey LA 2)

Finally, note that all of these elasticities are endogenous to the tax schedule; hence an
individual’s elasticity under the optimal tax schedule will be different from her empiri-
cal elasticity under the observed tax schedule. Also, note that this formulation defines
elasticities under a given, potentially non-linear, tax schedule as in Jacquet et al. (2013),
Scheuer and Werning (2017), and Golosov et al. (2014). This is contrasted to the elas-
ticity definitions in Saez (2001), which are defined under a linearized schedule. This will
be useful going forward as it enables us to write our first order conditions for the optimal
tax schedule as a function of the true earnings density as opposed to the “virtual density”

of incomes as in Saez (2001).

3 Optimal Tax Schedule

We will now derive a differential equation that characterizes the optimal tax schedule
assuming that all agents have one global optimal income level under the optimal tax
schedule. We will then relax this assumption and show how this changes the differential

equation characterizing the optimal tax schedule.

19 Alternatively, we could have defined the uncompensated elasticity as Zy o = % dz” | u=0,7(2)=

and defined the compensated elasticity via the Slutsky equation Z; , = Z} , — 1 a-

10



3.1 All Individuals Have a Unique Optimal Income

We know that starting from the optimal tax schedule, the derivative of the government
Lagrangian in the direction of 7(z) must be 0. Thus, the optimal schedule must satisfy
the following condition:

i [ZA /0 ~ [W <u < () - (), 2 a> o, a> AT () + m(z*»] dF<n|a>p<a>]

=0

u=0

where, for brevity, we omit that z* is a function of (n,a) as well as the perturbed tax schedule
T(-) + pr(-). Taking the derivative w.r.t. p and evaluating at u = 0, the optimal tax schedule

must satisfy:

S (25

acA

+ T(Z*)>] dF (n|a)p(a) =0 (3)

pu=0

where u* = u (z*(n, a) =T (z*(n,a)), w; a) and W, = 0W (u;n,a)/0u. The tax schedule

is (potentially) non-differentiable at a set of kink points {K;}, where we denote N, () as the

set of n’s for each o bunching at kink point K;.>° We can then split Equation 3 as follows:

C%/ N\, (o [ W (u")ugr (2%) + A <T’(z*)882; ot T(z*)ﬂ dF (n]o)p(c)

Yy / WYt (K) + A (K] dF(nja)p(a) = 0

K; acA

(4)

In writing Equation 4, we use the fact that at any z for which 7'(2) is not differentiable, almost

T (2*) _n2l
ou ‘NZO =0.

all bunching individuals have %—z;] u=0 = 0; hence

First, we deal with the term involving individuals who bunch at kinks. Let us denote the

mass of individuals locating at kink K; as px(K;). We then have:

323 [ 0 )+ AR nla)) = 3 Ar(H) (L () (£

K; acA

2ONote, we only consider kinks for which marginal tax rates are greater above the kink than below
the kink (i.e., generate bunching). Kinks which feature marginal tax rates that are lower above the kink
than below will always generate an unchosen set of income levels. Marginal tax rates will not be defined
at unchosen income levels, so we can WLOG assume the tax schedule is differentiable at these incomes.

2n particular, %i” u=0 = 0 for all individuals locating at z* € {K;} other than the measure 0 set of
individuals whose FOC holds at the limiting tax rates to the left or the right of the kink point. The
remaining bunching individuals do not have their FOC satisfied: their FOC is strictly negative as we
approach K; from the left and is strictly positive as we approach K; from the right. Thus, for sufficiently
small p, the FOC for each of these bunching individuals is still strictly negative as we approach K; from
the left and is still strictly positive as we approach K; from the right, i.e., K; remains their optimal
income. We can arbitrarily set %| u=0 = 0 for the measure 0 set of individuals whose FOC holds at the
limiting tax rates as it has no impact on the integral.

11



_ W (u*)ug
where pr (Ki) = Y4 fy (o AF (nl)p(a) and ©(K?) = 5ty Yo e (o) Wuld Uz g (n) o) p(ev)
denotes the average bOClal welfare weight at kink income K;.

Next, we rewrite Equation 4 using the elasticity expression for %] u=0 from Equation 2
and integrating over the optimal income distribution H(z*|a) instead of the skill distribution
F(n|a)). We can do this because z*(n,«) is strictly increasing in n when 77(z*) exists (see

Lemma 1):

QZE;L‘ /Z o [ uJuer(27) = A (T’(z*) (%T'(z*) + %7(2*)) - T(z*)ﬂ dH (2*|a)p(ar)

+ Y AT(EG) (1 - w(K))) pre(Ki) = 0

where H(z*|a) = F(n(z*,a)|a) and where u*,u}, Z¢, and n are now functions of (z*,a), e.g.,

ut=u (z* —T(z%)

*

T N, Q.
' n(z*,a)’

We now consider a specific 7(z) that consists of a uniform increase in the marginal tax
rate for incomes in [Z, Z + dZ], a uniform increase in the tax liability by dZ for incomes above
7+ dz + dz?, and twice continuously differentiable expansions for incomes between [z — dz?, 7]
and for incomes between [z + dZ, z + dZ + d#?]. In particular 7(2) equals (see Appendix A.4 for

7(z) defined over the entire domain):

7(2) =0 if z <% —d3?
(2)=2—2+d?? ifz€z 7+ dZ
7(2) = dz if 2> 2+ dz + dz?

We choose Z and d? such that no element of {K;} is in [Z — dZ?, Z + dZ + d??] (this is
possible by Assumption 4). Figure 2 depicts the tax schedule and the perturbed tax schedule in
consumption-income space (when p = 1).?2 Note that in Figure 2, income z is a bad conditional

on a given level of consumption so that utility is increasing to the north-west.

22We consider p = 1 purely for ease of graphical illustration.
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Figure 2: Perturbing the Non-Linear Tax Schedule (u = 1)

The perturbation that we consider is novel yet builds upon the approaches devised by Saez
(2001), Golosov et al. (2014), and Jacquet et al. (2013). Our perturbation keeps the same
valuable economic intuition from Saez’s (2001) tax perturbation but is twice continuously dif-
ferentiable; thus, our perturbation avoids the small bunching and jumping effects induced by
kinks in Saez’s (2001) perturbation. Moreover, rather than considering the effects that this
perturbation has on the government’s Lagrangian in a heuristic manner as in Saez (2001), we
apply the insights of Golosov et al. (2014) by computing the Gateaux derivative of the gov-
ernment Lagrangian. Finally, our perturbation is useful in that it will allow us to explicitly
analyze jumping responses that occur when individuals have multiple optimal incomes while
still retaining the insight of Jacquet et al. (2013) that the implicit function theorem can be
applied to ensure smooth responses to tax changes whenever individuals have unique optimal

income levels.

Plugging our chosen 7(z) function into Equation 5, dividing by dZA and then taking the
limit as dz — 0, we get Proposition 1:
Proposition 1. When all individuals have a unique optimal income level, the optimal tax
schedule satisfies the following differential equation at all income levels Z for which the optimal
tax schedule is differentiable:

/;o (1 —w(z")dH(z") — : f’;%zg)gzgh(é) — /(2’00)\{&} T - f’;iZi*)dH(z*) =0 (6)

where w(z*) =, wp(ab*) denotes the average social welfare weight at income 2*; Z¢ =
>0 Z5 op(alZ) denotes the average compensated elasticity at income z; and iz« =, N2+ ap(a]z)

denotes the average income effect parameter at z*.
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Proof. See Appendix A.5. O

Equation 6 gives us a differential equation that the optimal tax schedule must satisfy at all
points of differentiability. Equation 6 is the same as the equation derived in Saez (2001), except
that in Equation 6, the elasticities and social welfare weights are averaged over the «a distribution
and we allow for kink points. Equivalently, Equation 6 extends the analysis from Jacquet and
Lehmann (2020) to allow for kink points in the tax schedule that induce bunching (where Jacquet
and Lehmann (2020) extend the analysis of Saez (2001) to the multidimensional setting when the
tax schedule is everywhere differentiable and no one has multiple optima). Using the language
from Saez (2001), the first term represents the mechanical effect, which captures the direct
effect of our perturbation on the government’s Lagrangian, holding behavioral responses of
agents constant. The second term represents the elasticity effect, which captures the behavioral
responses of agents earning Z to an increase in marginal tax rates at Z. Finally, the third term
represents the income effect, which captures the behavioral responses of agents earning above

Z to an increase in their tax liability.

3.2 What If Individuals Have Multiple Optimal Incomes?

In deriving Equation 6, we assumed that all agents had one global optimal income level under
the optimal tax schedule. However, there is no reason why this assumption need be true.
We now derive the differential equation characterizing the optimal tax schedule allowing for
a countable number of agents to have multiple optimal income levels.?> To do so, first let us
assume that there exists at most one n for each « that has multiple optimal income levels under
the optimal tax schedule. Using the notation from Subsection 2.3, we denote the productivity
levels of these multiple optima individuals as m(«).?* Specifically, m(a) satisfies the following

indifference condition:

where z*~ () and z** () denote the minimum and maximum incomes chosen by type (m(«), a),
respectively. Note, we have suppressed that z*~ (a), 2**(a), and m(«) are also functions of the

tax schedule. Using this notation, we rewrite the government Lagrangian as follows:

=% /Om@ [W <u <c*(n, o), Z(ZO‘) a> n, a) FAT (2 (n, a))} dF (nja)p(a)+

acA

> /oo ) [W <u (c*(n, a), Z*(Z”“);a> ;n,a> + AT (z*(n,a))] dF (n]o)p(c)

a€cA m(e

Before deriving how the government’s Lagrangian changes in response to a tax perturbation,

we first explore how types with multiple optima change in response to a tax perturbation. We

23Lemma 2 ensures the number of individuals with multiple optimal incomes is countable.
241f no type « individual has multiple optimal incomes, set m(a) = 0.
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do this by differentiating the indifference condition with respect to u:

8&1 [u (Z* (a) =T(z" (a)) — pr(z" (), ZT;((;;)@) _
u (z*+(a) Tz (@) — pr(2(a)), Z:(S;) ’ a) ] - . (7)

noting that m(a), 2~ (), and z**(«) are all functions of u. However, by the agent’s first order
condition, the derivatives of the first term and second term of Equation 7 w.r.t. z*7(a) and
2*T(a) (respectively) are zero; thus, both 92* (a)/dp and 92*T (a)/Op are multiplied by zero.

Rearranging for dm(a)/0p|,—o, we get:*

om(a) upt (@) 7 (2" () —up () 7 (2" (o))
o ’uzo - T (a) () et () z () (®)
l m(a)? l m(a)?
where uft (o) = u, (z*+(oz) —T(z* (), Z;Jr(g))‘) : oz) and v~ (o) = (z*_(oz) —T(z* (), %ﬁg);

etc.

Next, we use Leibniz’s integral rule to take the derivative of the government Lagrangian in

the direction of 7(z), starting from the optimal tax schedule:

Z /000 [—Wu(u*)uZT(z*) +A (‘B)Ta(:*)

acA

T(z*))} dF (n]a)p(a)+

pu=0

*— o om(a)
5 | (@) 4 AT @) P ] somtlarnta)-

acA

‘,u:O

3 [W (vt (a)) + )\T(z*+(a))8ngia)

acA

] F(m(@)|o)p(a) =0

‘M:O

Note that in the first term above, we integrate over the entire set of individuals (even those

aTa(:*) |u=0 for those with multiple optima is

with multiple optima). The value that we assign to
irrelevant because the set with multiple optima is countable and hence measure 0, so does not

affect the integral in the first term. Noting that u*~ (o) = v**(a) V «, we get:

= _ u* U*T Z* 8T(Z*) - Z* e N
*— * om(«) B 9)
;A(T (= (@) =T (=" (@) =5, ‘#Zof(m(a”a)p(a)_()

~
jumping effects

Equation 9 is the same as Equation 3 except Equation 9 includes jumping effects. These
jumping effects capture the fact that when we perturb the tax schedule, each type (m(«a),a)

may now strictly prefer one of their optimal income levels and thus jump to the income level

ZEven if T(z) is not differentiable at z*~ (and/or z*T), Equation 8 still holds. See Appendix A.6.
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they prefer.?® Moreover, if type (m(a), a) jumps for any given perturbation to the tax schedule,
a small mass of individuals with type a and n close to m(«) will also jump in response to the

change in the tax schedule (as optimal utility is continuous in n for each «).

We now explore the jumping effects in Equation 9 in more detail. We know by Equation 8
that the value of these effects will depend on the tax changes experienced at z*~ () and z* ().

Let’s consider the same specific 7(z) function we did earlier:

T(2) =0 if 2 <Z— dz?
T7(2) =2z —2+d3% ifz €[22+ d3]
7(2) = d? if 2> 24 dz + dz?

where we choose Z and d? such that no element of {2™“!*} or {K;} is within [Z—dZ?, Z+dZ+d3?|

(this is possible by Assumption 3 and Assumption 4).

First, consider an a with 2**(a) < Z — dz2. Because 7 (z*T(a)) = 7 (2* " (a)) = 0, we have
om(a)/0p|u=0 = 0. Thus, the jumping effect for this « is equal to 0. Next consider an o with
2*~(a) < 2 —dz? and 2**(a) > Z + dZ + dZ?. For this o, 7 (2*T(a)) = dZ and 7 (2*(a)) = 0
so that the jumping effect in Equation 9 is equal to:
wit () dz

e f(m(a)|a) = Ji(a)AdZ
ui ™ (@) 28—t () 28

MT (2" (a) =T (2" ()))

Figure 3 depicts the jumping behavioral response captured by Ji(«). Specifically, Figure 3
shows an individual (m(«), ) with two optimal income levels, 2*~(a) and z**(«), under the
optimal tax schedule, where z**(a) > Z +d? +dz? and 2*~(a) < Z — dz?. Under the perturbed
schedule, our indifferent individual now strictly prefers z*~(a) to z** () given she experiences
a drop in consumption of dz at z**(a) but not at z*~(«). Consequently, (m(a),a) will jump

down to z*~ («). This jumping movement is captured by the red arrow in Figure 3 below.

Now consider an o with z*~(a) > Z + dZ + dz%. For this a, 7 (2*T(a)) = 7 (2" (a)) = dZ so

that the jumping effect in Equation 9 is equal to:

C

A (T (z*_(a)) -T (z*+(a)))

wt (a)dz —ul™ () dz

(@)

¥

u (@)

Figure 4 depicts the jumping behavioral response captured by Ja(«). Specifically, Figure 4
shows an individual (m(«),a) with two optimal income levels, z*~(a) and z**(«), under the

optimal tax schedule, where 2*~ (a) > Z+dZ+dZ?. Under the perturbed schedule, our indifferent

26How do we know that (m(a), ) will jump from his minimum optimal income z*~ (a) to his maximum
optimal income 2*T(a) or vice versa (as opposed to jumping to another income between these two
levels)? After the perturbation, there will be a new individual of type a with multiple optima, where,
by continuity, his minimum and maximum optimal incomes will be very close to z*~ (a) and z** (). By
the (SCP), no other individual of type a can locate in between these two new optimal incomes, hence,
(m(a), @) must have jumped to an income right around z**(a) or 2*~ ().

27 Again, see Appendix A.4 for a definition of 7(z) over its entire domain.
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Z—dZ* Z+dZ+ dz? z

Figure 3: J;(«) Jumping Effect (u = 1)

individual will typically prefer z**(a) to z*~ () given she experiences a drop in consumption
of dz at both income levels which is more costly (in terms of a reducing utility) at z*~ («) due
to concavity of utility. Consequently, (m(a), ) will typically jump up to a new optimal income
level very close to z**(«). This jumping movement is captured by the red arrow in Figure 4
below. Note, however, if preferences are quasi-linear in consumption, this individual will not

jump as u*(a) = vt~ (), implying Ja(a) = 0.2

Because we choose Z and d? s.t. {2t} ¢ [2—dz%, Z+dZ +d??], we do not need to consider
the possibility that either z*~(a) or z**(a) lie inside [z — d??, Z + dZ + dz?]. Thus, there are
no other jumping effects that can occur as a result of our tax perturbation. Dividing Equation

9 by dZA and taking the limit as dZ — 0 as in Subsection 3.1, we get:
00 ) TZ) e, / o T'(=Y)
1—w(z")dH(z") — ———-=2Z5h(2) — Mor —————dH (2"
[ ameEnane - ez - [ et ()

+ Z [J1()1 (2 (a) < 2 < 2" () + J2()1 (2 (a) > 2)] p(a) =0
acA

(10)

Equation 10 gives us a condition that the optimal tax schedule must satisfy at all Z ¢
{2ty U {K;} under the assumption that there exists at most one n for each a with multiple

optimal income levels.

Finally, we relax the assumption that there exists at most one n for each a with multiple

optima. Instead, we allow there to exist a countable number of n’s with multiple optima for

28 Alternatively, if u., is sufficiently positive (so that consumption and leisure are strong substitutes),
this individual will jump down as she now prefers z*~(a) to z*T(a).
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Figure 4: Jy(a) Jumping Effect (1 = 1)

each a. Using the notation from Subsection 2.3, we denote m;(c) as the it" productivity level

with multiple optimal incomes, and denote their minimum optimal income as z;~ («) and their
ot

maximum optimal income as z; " («). Finally, we denote the number of individuals with multiple
incomes for a given a as M («) (which can also be countably infinite or zero). We can augment
Equation 10 to yield a general formula for the optimal tax schedule that allows for the possibility
that some individuals have multiple optimal income levels:

Proposition 2. The optimal tax schedule satisfies the following differential equation at all

income levels Z ¢ {2} at which the optimal taz schedule is differentiable:

> — @ Z* Z* _ T/(E) 279 2 — 7w T/(Z*) Z*
e e — s zme) - [ e )

M(a) (11)
oD @)1 (57 (@) < 2 < (@) + Jail@)1 (27 (@) > 2)] p(a) = 0

acA i=1

Proof. See Appendix A.7. O

Equation 11 extends the optimality condition derived in Jacquet and Lehmann (2020) to
allow for the possibility that individuals have multiple optimal income levels (and to allow
for bunching at kink points).?? The possibility of multiple optima individuals results in the
inclusion of the jumping effect terms, J; and J,. Ji;(«) is negative provided that T (z;k +(a)) —

29When heterogeneity is unidimensional, Equation 11 is equivalent to the optimality condition from
Mirrlees (1971); see Appendix A.8.
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T (ZZ* *(oz)) > 0.2 Hence, ignoring J; jumping effects will typically lead us to overestimate
the welfare impact of a small tax increase. However, Jo;(a) is (weakly) positive provided that
T (2" (a)) = T (2 ()) > 0 and that consumption and leisure are not sufficiently strong
substitutes. Hence, ignoring Jy jumping effects will typically lead us to (weakly) underestimate

the welfare impact of a small tax increase.

4 Theoretical Results about Individuals with Multi-
ple Optima

Up to this point, we have derived an equation for the optimal tax schedule with multidimen-
sional agent heterogeneity, explicitly accounting for the possibility that individuals have multiple
optimal income levels. In this section, we provide a partial characterization of when the optimal

tax schedule will exhibit individuals with multiple optima.

4.1 No Individuals with Multiple Optima

When employing the tax perturbation approach, papers in this literature have typically as-
sumed that all individuals respond smoothly to tax changes, thus indirectly assuming that no
individual has multiple optimal income levels. While it turns out to be impossible to rule out
the existence of individuals with multiple optima when we have multiple dimensions of het-
erogeneity, with one dimension of heterogeneity, we can rule out individuals having multiple
optimal income levels. Proposition 3 gives conditions on primitives such that no individuals

will have multiple optima under the optimal tax schedule.

Proposition 3. If individuals only differ in terms of productivity (so that everyone has the same
value of ), indifference curves are convex in (c,z) space, and %ucl% — Uy — %u” 1§ increasing
in z along each individual’s indifference curve, then no individual has multiple optimal income
levels under the optimal tax schedule; hence, no jumping behavioral responses are present under

the optimal tax schedule.®'
Proof. See Appendix A.10 O

Proposition 3 is inspired by Theorem 2(v) in Mirrlees (1971), although Mirrlees states the
result without proof. Mirrlees states that in order to rule out individuals with multiple optima,
%ucls—i —u; — Zuy must be increasing in z along each individual’s indifference curve. Mirrlees

does not state that the productivity density need be continuous nor does he place a restriction

30Positive marginal tax rates imply 7' (z;+(a)) -T (z;‘_(a)) > 0. See Appendix A.9 for a proof that
Jii(a) < 0 assuming T (2 (a)) — T (2 (a)) > 0.

1
HWhere Zug® — w — Zuy increasing in z along each individual’s indifference curve means that
c
o) z Azul(&%) Az z A\ oz ~ Al e - P
Fom <nucl (c, 5) (o)~ Uy (c, 5) - Zuy (c7 H) > 0V n,u, where ¢(z;n,u) solves u (c, 5) = q.
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on the shape of indifference curves; however, we believe both of these restrictions are necessary.
Proposition 2.6 from Hellwig (2010), which also formally proves Theorem 2(v) from Mirrlees
(1971), requires that the productivity density is continuous, %ucls—i —u; — Zuy is increasing in 2
along each individual’s indifference curve, and that an additional condition on utility is satisfied,
which, in turn, implies convexity of indifference curves. We believe our proof (which is entirely
different from the proof of Proposition 2.6 in Hellwig (2010)) is helpful towards understanding
the underlying intuition behind why the conditions in Proposition 3 imply that jumping effects

cannot occur under the optimal tax schedule.

A sketch of the proof for Proposition 3 goes as follows: suppose there is an individual with
two optima under the optimal tax schedule. Consider a perturbation that increases the marginal
tax rate at an income just below z*~ but keeps the individual with multiple optima indifferent
between her two optima. This is possible to do: we simply change tax rates in the region
(2*7,2*") so that 7(2*T) = %T(z**) (see Equation 8 above). Note, changing tax rates in the
region (2*7, 2*T) does not create any behavioral responses in this region because, by (SCP), no
one locates in (2*7,2*") as we only have one dimension of heterogeneity. Such a perturbation
results in an elasticity effect for the individual with income just less that z*~, and an income
and mechanical effect for all those with incomes z* > 2**. Jumping effects are 0 under this
perturbation given we specifically chose a perturbation that keeps the individual with multiple
optima unchanged. Now consider increasing the marginal tax rate at an income just above z**.
This induces an elasticity effect for the individual just above z*T, and income and mechanical
effects for all those with incomes z* > z*T . Under the optimal tax schedule, the effect of both
perturbations should be 0. However, our assumptions on the shape of indifference curves in
Proposition 3 give us that the elasticity effect at z*T is smaller than the elasticity effect at z*~.
Thus, given both perturbations lead to the same income and mechanical effects but the former
perturbation induces a larger elasticity effect, the total effect of both perturbations cannot both

be 0. Hence, we could not have been at the optimal tax schedule.

Note, Proposition 3 does not give a condition on preferences such that no one will have
multiple optima for any tax schedule - this is impossible under reasonable assumptions (for
example, a simple indifference curve argument shows that an individual will have multiple
optima if the marginal tax rate schedule is piece-wise linear with decreasing rates). As such, an
understanding of jumping behavioral responses will be necessary a priori when analyzing the

effects of tax reforms starting from sub-optimal tax schedules.

Next, it is worthwhile to discuss the assumptions in Proposition 3. First, we remind the
reader that a maintained assumption throughout this paper is that F'(n|«) is continuously dif-
ferentiable Var (so that F'(n) is continuous if all individuals have the same «). This assumption
is important because Hellwig (2010) shows that an individual will have multiple optima in the
case of unidimensional heterogeneity whenever the productivity distribution has mass points.
Second, it seems reasonable to assume that individuals’ indifference curves are convex in (c, 2)
space - this is a standard assumption on preferences requiring that individuals be compensated
with more and more consumption as their labor supply increases. The other assumption in

Proposition 3, Zugst — u; — Zuy is increasing in z for fixed utility and n, seems relatively
C
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obtuse and it is not readily clear that this assumption is sensible. However, Corollary 1 shows

that, in fact, this assumption applies in a wide class of common utility functions:

Corollary 1. If utility takes the form: u(c,z;n) = v(c) — (z/n)"**/(1 + k) where k > 0, no

individual will have multiple optima under the optimal schedule.
Proof. This follows from the conditions in Proposition 3. 0

Moreover, through trial and error it seems exceedingly difficult to find a utility function that
satisfies standard properties u. > 0,u; < 0,uc. < 0,u; < 0 as well as the (SCP) yet violates the

condition that %ud% —uy — %u” is increasing in z along each individual’s indifference curve.
C

Finally, it is worth highlighting a special class of utility functions with multiple dimensions
of heterogeneity for which no individual will have multiple optima under the optimal schedule.
The idea behind this result is that some special classes of utility functions with two dimensions
of heterogeneity yield an optimal tax problem that is isomorphic to a one dimensional problem

so that we can apply Proposition 3.

Corollary 2. Suppose utility takes the form: u(c,z/n;a) = av(c) — (z/n)'T* /(1 +k). If k>0
and F(n) is continuously differentiable, all individuals will have a unique optimum under the

optimal taz schedule.?

Proof. See Appendix A.11. O

4.2 Individuals with Multiple Optima

If there is only one dimension of heterogeneity, we can generally rule out individuals with multi-
ple optimal income levels under the optimal tax schedule. However, it turns out to be impossible
to extend this result to multiple dimensions. We now proceed to show that it is not possible
to find a multidimensional analogue to Proposition 3 in cases with arbitrary multidimensional
heterogeneity. In particular, we show that it is possible for individuals to have multiple optima
under the optimal schedule even if the second dimension of heterogeneity is binary (so that there
are only two values of ), the productivity distributions F'(n|«) are continuously differentiable
Va, and the utility functions of each type satisfy standard assumptions:>?

Proposition 4. Suppose there are two « types, each with a different utility function. There

exist two utility functions that satisfy (SCP) and the conditions in Proposition 3 yet lead to an

32Throughout this paper, we assume that F(n|a) is continuously differentiable Va. To prove Corollary
2, we require that F'(n) is continuously differentiable. F'(n) will be continuously differentiable if either
the support of F(n|a) is the same Vo or if f(n|a) — 0 Yo at the endpoints of their support.

33Proposition 2.4 from Hellwig (2010) proves that some individual will have multiple optimal income
levels in a unidimensional tax model whenever the productivity density has mass points. Conversely,
Proposition 4 shows that the optimal schedule can lead to an individual with multiple optima even when
F(n]a) is continuously differentiable V.
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individual with multiple optima under the optimal tax schedule (i.e., jumping effects are present

under the optimal tax schedule).
Proof. See Appendix A.12. O

The underlying intuition for Proposition 4 is as follows. As seen in Figure 3, in order for an
individual to have multiple optima we need (a) marginal tax rates to decrease over a certain
portion of the income distribution (so that a portion of consumption schedule is convex), and
(b) indifference curves for at least one type to not be overly steep. Suppose that there are two
types of individuals, {a1, s}, each with a different utility function: u(c, z/n; ;) = u (¢, z/n)
for i = {1,2}. Further suppose that, for a given productivity level n, ay individuals have steeper
indifference curves compared to a; individuals. Now, consider a population that consists only
of ap individuals so that there is only productivity heterogeneity. Mirrlees (1971) showed that
when individuals only differ in terms of how productive they are, tax rates will always be
between 0 and 1. Moreover, tax rates must always be 0 at the top and the bottom of the
income distribution (see Propositions 6 and 7 below); hence, when all individuals are type o,
there will be a region of decreasing tax rates in the optimal tax schedule. Thus, provided that
the utility function we choose for oy generates sufficiently flat indifference curves, we will have at
least one «; individual that has multiple optimal income levels under the optimal tax schedule
that ensues when only type as individuals exist. Finally, consider a population that consists of
both a1 and «g individuals. We can use continuity arguments to show that as the proportion of
ag individuals in society becomes arbitrarily close to 1, the optimal tax schedule gets arbitrarily
close to the optimal tax schedule that ensues when only type as individuals exist; hence, at
least one «y individual will have multiple optimal income levels when society consists of some

arbitrarily small, yet positive, proportion of type «; individuals.

Finally, we show that the optimal tax schedule will be non-differentiable at any income level
for which someone has multiple optimal incomes as long as the optimal tax schedule, T'(z), is
everywhere increasing:

Proposition 5. If indifference curves are convez in (c, z) space, %ucl:f—i — U — Zuy 18 increasing

in z along each individual’s indifference curve, and T(z) is everywhere increasing, optimal

mult} )

marginal tax rates increase discontinuously (generating bunching) ¥ z € {z]

Proof. See Appendix A.13. O

Proposition 5 is important for performing optimal tax simulations: any time an individual
has multiple optimal incomes, there will typically be a kink point in the optimal tax schedule

that induces bunching.

4.3 Additional Results

Finally, we briefly present two additional results that will be useful for conducting simulations:
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Proposition 6. Optimal marginal tax rates are 0 at the bottom of the income distribution,
T'(z) =0, as long as the support of the skill distribution, supp(f(n|a)), is closed and bounded ¥
o, and z ¢ {2} where z denotes the lowest income chosen in society under the optimal taz

schedule.

Proof. See Appendix A.14. O

Proposition 7. Optimal marginal tax rates are 0 at the top of the income distribution, T'(Z) =
0, as long as the support of the skill distribution, supp(f(n|a)), is closed and bounded ¥V «,
and Z ¢ {2} where Z denotes the highest income chosen in society under the optimal tax

schedule.
Proof. See Appendix A.15. O

Propositions 6 and 7 extend the classic results of Sadka (1976) and Seade (1977) to the case
of multidimensional agent heterogeneity. While Diamond (1998), Saez (2001), and Diamond
and Saez (2011) have argued that the “zero marginal rates at the top and bottom” are highly
local and therefore likely policy irrelevant, these results are nonetheless helpful for conducting

numerical simulations as they provide boundary conditions for Equation 11.

5 Optimal Tax Simulations

This section derives a method that can be used to simulate optimal income tax schedules with
multidimensional agent heterogeneity and illustrates how to apply this method via a numerical
example. There are two goals of this numerical exercise: (1) to show that our novel simulation
method yields identical results to Mirrlees’s Hamiltonian simulation method when heterogeneity
is unidimensional, and (2) to illustrate that our method can solve for tax schedules when agent
heterogeneity is multidimensional and is able to handle the possibility that some individuals

have multiple optimal income levels.

5.1 General Simulation Methodology

Recall that Equation 11 characterizes the optimal tax schedule at all income levels Z where the
marginal tax rate exists and all individuals at Z have no other optimal incomes. However, even
ignoring jumping effects, this differential equation is difficult to solve directly as the optimal
marginal tax rate at Z depends on the tax schedule everywhere above z through the income and
mechanical effects. The presence of jumping effects amplifies the difficulty of solving Equation 11
as quantifying jumping effects requires knowing which individuals have multiple optimal income
levels and what their multiple optimal income levels are (which in turn requires knowing the
entire tax schedule). Previous optimal tax simulations have thus either (1) used Mirrlees’s
Hamiltonian approach in unidimensional applications even if they derive the schedule in terms
of observable sufficient statistics (e.g., Saez (2001) or Lockwood and Weinzierl (2016)) or (2)
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assumed away jumping effects and iterated on Equation 11 until convergence (e.g., Mankiw et al.
(2009) or Jacquet and Lehmann (2020)). However, the Hamiltonian approach does not appear
to be feasible with multidimensional heterogeneity given the number of incentive compatibility
constraints, and we found the iterative method impossible to adapt to the situation in which

some individuals have multiple optimal income levels due to numerical instability.?*

As such, we derive a new method to simulate optimal income tax schedules. First, note that
Equation 11 holds at all income levels Z except for a countable set of income levels (which are
separated by a minimum distance) at which multiple optima individuals locate and at income
levels where the tax schedule is non-differentiable. As such, the derivative of Equation 11 with
respect to Z must also be 0 on all the intervals which do not contain an individual with multiple
optima or a non-differentiable point of the tax schedule. Differentiating Equation 11 is useful
because the jumping effects are not a function of Z, so that the derivative of the jumping terms

with respect to Z are zero. Differentiating Equation 11 with respect to Z we arrive at:

) T'(2) ) ) T'(2) _
14z a) + o] Azl <a>—~[ L)z hGlap(a)| =0
QZE%[ 113" ] PR~ 5z %1—T(z) p

(12)

Wy (@)a

where w(Z,a) = =% denotes the social welfare weight on individual (n(Z, o), @) with @ =

u (z —T(3), ma)

Equation 12 is a third order differential equation (the compensated elasticity Z¢ depends on
the second derivative T"(z), hence the derivative of Z¢ depends on the third derivative 7" (2)).
As with Equation 11, Equation 12 holds for all Z at which the tax schedule is smooth and no
individual locating there has a second optimal income. We can simplify Equation 12 into a

second order differential equation by substituting in h(Z]la) = f(n(Z, a)|a) anéi’a) |.+—z along

with the full expressions for %| =z and Z% (see Appendix A.16 for the derivation of

Equation 13):

(13)

where . = u, (2 —T(2), %; a), etc.
Let’s now discuss how one could use Equation 13 to solve for optimal tax rates. We will

assume that the tax schedule is always twice continuously differentiable except at points where

individuals have multiple optimal incomes (note, by Proposition 5, we cannot assume that

35

the tax schedule is differentiable at these points). First, suppose that no individual has

34We found that small changes in the tax schedule which cause individuals to jump were not handled
well numerically.
35Any tax schedule we find to be optimal within the class of functions that are smooth except at
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multiple optimal income levels so that the optimal tax schedule is everywhere twice continuously
differentiable (this is an endogenous assumption and needs to be verified once we have solved for
the optimal tax schedule). We can then solve Equation 13 using standard differential equation
techniques given initial values for T'(z) and T'(z) as well as the Lagrange multiplier, A. As
we show in Proposition 6, with a closed and bounded skill distribution, the marginal tax rate
on the lowest income chosen in society, 77(z), is 0. Given the initial condition 7"(z) = 0, our
simulation procedure then searches over the values of T'(z) and A\ that maximize total social
welfare subject to the government’s budget constraint.?® Finally, we check to ensure that the
income level assigned to each individual is, in fact, their unique global optimal income, i.e., we
check that zrpoc(n,a) = z*(n,a) where zpoc(n,a) denotes the income schedule that results

from solving (n,a)’'s FOC under the proposed optimal tax schedule.

If our above method yields an income schedule zpoc s.t. zrpoc(n,a) # z*(n,a) for some
(n,a), then our proposed optimal tax schedule is not valid given it does not satisfy agent’s
incentive compatibility constraints. We therefore augment our procedure to allow for individuals
to have multiple optima. First, we assume that only one individual, (m,a), has two optimal
income levels under the optimal tax schedule. Now, we must search over the parameter space of
AN T(z), (m,a), ]{1, TJ(2 to find the values that maximize total welfare subject to the government’s
budget constraint, where T]fl,TJ(2 denote the jumps in the marginal tax rates that occur at
(m, a)’s minimum and maximum optimal incomes.?” We then check to ensure that the income
level assigned to each individual is, in fact, their unique global optimal income given the solution
to Equation 13, other than for individual (m,a), who has two global optimal incomes. If not,

we repeat the above exercise but assume there exist two individuals with multiple optima, etc.

5.2 Specific Numerical Example

We now discuss a specific numerical example with multidimensional heterogeneity. The second
dimension of heterogeneity o captures the curvature of the disutility over labor, which is in-
versely proportional to the elasticity of earnings with respect to the tax rate. First, we assume

the second dimension of heterogeneity is binary (i.e., o takes on two values), the government

{z;”““} will actually be optimal in the broader class of all piece-wise smooth functions. The logic is the
same as the logic behind the result that any function that is optimal within the class of twice continuously
differentiable functions is optimal within the class of all piece-wise smooth functions (e.g., see Roughan
(2016)).

36Note, as is always the case when simulating optimal tax schedules, we are finding a locally optimal
tax schedule, not necessarily a globally optimal tax schedule.

37"Roughly speaking, for a given set of parameter values, we use Equation 13 to solve for tax rates until
we hit the income level s.t. (m,a)’s FOC is satisfied. We call this income level z*~ and add 77, to the
marginal tax rate. We then set the income density for type a to 0 as we know by the (SCP) that no a
type can locate between (z*~, z**). We then continue to use Equation 13 to solve for tax rates until we
get to an income level, denoted z*T, where utility at z*T is equal to utility at 2*~ for type (m,a). We
then turn the density for type a back on and add T;Q to the marginal tax rate at z*. Note this is only a
rough outline - for exact details (e.g., how we deal with bunching at the kink points), see Appendix C.1.
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social welfare function is defined by W (u;n, a) = log(u), and utility takes the following form:*®

()
;ai> =2z-T(z) — ﬁ fori=1,2
(2

u (z —T(z),

where a1 = 2,a9 = 4. Note, if marginal tax rates are constant, compensated elasticities are

inversely proportional to a;, i.e., Z5, = %, Zg, i. With this utility function and government

social welfare function, Equation 13 becomes:

2 -
> (- wz ) P ez, aplap(on+
= (14)

ot sl | =

5\ 1
where w(Z, o) = v, u(Z,0;) = 2 — T(2) — 7@(%%))‘ ,n(Z,04) = ( = )Hai and

on(z*, a;) a; =1 1o —2-ay
oz* 2*=Z 14+ oy

Finally, we need to specify the twice continuously differentiable densities for each type,
f(n|aw), f(n|ag), along with the proportions of each type in society, p(aq), p(az). Given that
one of the goals of this numerical exercise is to highlight that our simulation method can handle
the possibility of individuals with multiple optima, we choose reasonable productivity densities
that will likely generate jumping behavior. To do so, we note that in order to generate an
individual with multiple optima, we need marginal tax rates to decrease over a certain portion
of the income distribution (so that the consumption schedule is, in certain portions, convex)
and we need indifference curves for one of the types to not be overly steep (as in Figure 3).
Thus, for the type with steeper indifference curves (type az), we select f(n|ag) such that there
is a region of n’s in which the density is increasing quickly. Assuming p(ag) is large enough,
this will generate tax rates that decline quickly over the given region. Consequently, this will
induce some individual with type «; (who has less steep indifference curves) to have multiple
optimal incomes. The densities we choose for each type are depicted in Figure 5 below. Note,
the distribution f(n|a) is log-normal, whereas the distribution f(n|ag) is constructed as a
cubic spline (thus twice continuously differentiable) which is single peaked and has a region in
which the density is increasing sharply. We choose the distributions so that the minimum and
maximum incomes chosen in society are the same for type a; and as populations under the
optimal tax schedule. Finally, we will vary the proportions of types in society to highlight that
at high values of p(a2), type a1 will have multiple optima. See Appendix C.1 for a step-by-step

procedure of the simulation methodology for this example.

38By setting W (u;n, a) = log(u), we assume that the government seeks to maximize total (log) utility
without regard to whether income inequality is driven by productivity differences or differences in other
dimensions. This welfare function therefore does not incorporate the notion of preference neutrality as
discussed in, for example, Lockwood and Weinzierl (2016).
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5.3 Simulation Results

We now present simulation results for our numerical example. The first goal of our simulation
exercise is to show that in settings with unidimensional heterogeneity, our simulation method
yields identical tax schedules to the standard Mirrlees Hamiltonian method. As can be seen
in Figure 6, optimal tax rates computed using these two methods are identical for the case in
which all individuals are type 1 and the case in which all individuals are type 2. Next, note
that when all individuals are type 2, marginal tax rates decrease sharply over incomes in the
approximate range (4, 7). This sharp decline is driven by the sharp increase in the productivity
density f(n|az) over the approximate productivity range (4,5). Marginal tax rates then flatten
out right after the peak of f(n|az) as the density begins to decline at a much slower rate than
which it increased (refer back to Figure 5 for a depiction of f(n|as)).?” Finally, given this is a
numerical example to illustrate our simulation method as opposed to a calibration exercise, the

scale of incomes in Figure 6 (and all of our other simulation figures) does not hold meaning.

Next, we use our method to compute the optimal tax schedule when the population consists
of both type 1 and type 2 agents. In Figure 7, we show how the tax schedule changes as we vary
the percentage of type 2 individuals from 0% to 100%.%° Unsurprisingly, for most of the income
distribution, the optimal tax rate for 2% of type 2 individuals lies somewhere in between the
optimal tax rate when 0% of the population is type 2 and when 100% of the population is type
2. Most importantly, we find that for the three dotted schedules (50% type 2, 75% type 2, and

39While it is not immediately obvious from Figure 6, both of the marginal tax schedules shown are
everywhere continuously differentiable.

40Figure 10 in Appendix C.2 plots the optimal consumption schedules for various percentages of type
2 individuals.
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Figure 6: Optimal Tax Schedules Computed Using Equation 13 and Mirrlees’s Method

90% type 2), there is a type 1 individual with multiple optimal income levels.*! This can be
seen in Figure 8 where we plot the productivity level n that chooses each income level under
the optimal tax schedule, separately for a; types and as types, when 50% of the population
is type 2. In Figure 8, type «; individuals do not choose incomes between approximately 6.2
and 6.7, which indicates that, under the optimal tax schedule, there exists a type a; individual

with multiple optimal incomes at approximately 6.2 and 6.7.

Another important feature to note from Figure 8 is that it is possible to have an individual
with multiple optimal incomes yet no “missing mass” in the income distribution (as while no ay
type chooses an income in the approximate range (6.2,6.7), the as type does choose incomes in
this range). This is important for reconciling the existence of individuals with multiple optima

with the lack of a missing density anywhere in the observed income distribution.

Ultimately, there are three key takeaways from this simulation exercise: (1) our simulation
method matches the results from the Mirrlees’s Hamiltonian method if individuals only differ
on the productivity dimension, (2) our method allows us to simulate optimal income tax sched-
ules when agent heterogeneity is multidimensional and is able to handle the possibility that
some individuals have multiple optimal income levels, and (3) optimal tax schedules can, in
practice, lead to individuals having multiple optimal incomes when agent heterogeneity is mul-
tidimensional if marginal tax rates decrease relatively quickly over some portion of the income

distribution.

41Commensurate with Proposition 5, the marginal tax schedule is discontinuous at each income level
where an individual has multiple optimal incomes. However, the discontinuities in marginal tax rates
are small (= 1%) so are not readily apparent in Figure 7.
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6 Conclusion

This paper has developed a theory of optimal income taxation when agents have multiple
dimensions of heterogeneity using a perturbation method that mathematically formalizes the
approach from Saez (2001). Once we move to a setting with multidimensional heterogeneity,
we must consider the possibility that some individuals have multiple optimal incomes under the
optimal tax schedule; this leads to individuals jumping around the tax schedule in response to
small perturbations of the tax schedule. By explicitly accounting for these “jumping effects”, we
characterize the optimal tax schedule when agent heterogeneity is multidimensional. We then
provide a partial characterization of when individuals will have multiple optimal incomes under
the optimal tax schedule. In particular, we prove that this phenomenon cannot occur with
unidimensional agent heterogeneity and for a specific form of multidimensional heterogeneity.
However, we also prove that individuals with multiple optimal incomes can exist under sensible
conditions with multidimensional agent heterogeneity; hence it is, in general, impossible to rule

out individuals with multiple optimal incomes with multidimensional heterogeneity.

Finally, we develop a new methodology to simulate optimal income tax schedules that can be
applied with multidimensional agent heterogeneity. This method is characterized by a differen-
tial equation governing the evolution of the tax schedule over the income distribution along with
a search over the individuals that have multiple optimal income levels as well as the size of the
discontinuities in marginal tax rates at their optimal income levels. We implement this method
for a particular numerical example, showing that our method can solve for tax schedules when
agent heterogeneity is multidimensional and can handle the possibility that some individuals

have multiple optimal income levels.

Moving forward, this paper suggests a number of avenues for future research. First, the
techniques employed in this paper can be used to solve other screening problems with multidi-
mensional type spaces (but with unidimensional action and policy spaces), such as non-linear
pricing. Further, we speculate that analyzing jumping effects may help towards solving even
more complex problems with both multidimensional type spaces and multidimensional action
and policy spaces. Second, it is important to better understand how jumping effects manifest
in practice. While there is preliminary evidence that jumping behavior is empirically relevant,
e.g., Rios (2019), further evidence is needed on the practical importance of jumping effects. Fi-
nally, towards utilizing the framework developed in this paper to better understand tax policy,
further research is needed on the extent to which various forms of heterogeneity impact income
differences as well as a better understanding of society’s normative stance on the desirability of

redistribution when inequality is driven by different forms of heterogeneity.

30



References

AKERLOF, G. (1978): “The Economics of Tagging as Applied to the Optimal Income
Tax, Welfare Programs, and Manpower Planning,” The American Economic Review

vol. 68(1), 8-19.

BRETT, C. AND J. WEYMARK (2003): “Financing education using optimal redistributive
taxation,” Journal of Public Economics vol. 87(11), 2549-2569.

CHONE, P. AND G. LAROQUE (2005): “Optimal incentives for labor force participation,”
Journal of Public Economics vol. 89(2-3), 395-425.

CHONE, P. AND G. LAROQUE (2010): “Negative Marginal Tax Rates and Heterogeneity,”
American Economic Review vol. 100, 2532-2547.

CREMER, H., F. GAHVARI, AND J. LOZACHMEUR (2010): “Tagging and Income Taxation:
Theory and an Application,” American Economic Journal: Economic Policy vol. 2(1),

31-50. https://www.aeaweb.org/articles?id=10.1257/pol.2.1.31

DiaMoOND, P. (1980): “Income taxation with fixed hours of work,” Journal of Public
Economics vol. 13(1), 101-110. http://www.sciencedirect.com/science/article/
pii/0047272780900249

DiaMOND, P. (1998): “Optimal Income Taxation: An Example with a U-Shaped Pattern
of Optimal Marginal Tax Rates,” American Economic Review vol. 88(1), 83-95. http:
//www.jstor.org/stable/1168197seq=1#page_scan_tab_contents

DiamonD, P. AND E. SAEz (2011): “The Case for a Progressive Tax: From Basic
Research to Policy Recommendations,” Journal of Economic Perspectives vol. 25(4),
165-190.

EBERT, U. (1992): “A reexamination of the optimal nonlinear income tax,” Journal
of Public Economics vol. 49(1), 47-73. https://www.sciencedirect.com/science/
article/pii/004727279290063L

Gorosov, M., A. TsyviNskI, AND N. WERQUIN (2014): “A Variational Approach to
the Analysis of Tax Systems,” NBER Working Paper No. 20780 https://www.nber.
org/papers/w20780

GUESNERIE, R. AND J. LAFFONT (1984): “A complete solution to a class of principal-
agent problems with an application to the control of a self-managed firm,” Journal
of Public Economics vol. 25(3), 329-369. https://www.sciencedirect.com/science/
article/pii/0047272784900604

HeLLwiG, M. (2010): “Incentive Problems With Unidimensional Hidden Characteristics:
A Unified Approach,” Econometrica vol. 78(4), 1201-1237.

31


https://www.aeaweb.org/articles?id=10.1257/pol.2.1.31
http://www.sciencedirect.com/science/article/pii/0047272780900249
http://www.sciencedirect.com/science/article/pii/0047272780900249
http://www.jstor.org/stable/116819?seq=1#page_scan_tab_contents
http://www.jstor.org/stable/116819?seq=1#page_scan_tab_contents
https://www.sciencedirect.com/science/article/pii/004727279290063L
https://www.sciencedirect.com/science/article/pii/004727279290063L
https://www.nber.org/papers/w20780
https://www.nber.org/papers/w20780
https://www.sciencedirect.com/science/article/pii/0047272784900604
https://www.sciencedirect.com/science/article/pii/0047272784900604

JACQUET, L. AND E. LEHMANN (2020): “Optimal Taxation with Composition Effects,”

Journal of the Furopean Economic Association

JACQUET, L., E. LEHMANN, AND B. VAN DER LINDEN (2013): “Optimal Redistributive

”

Taxation with Both Extensive and Intensive Responses,
vol. 148(5), 1770-1805.

Journal of Economic Theory

Jupp, K., D. MA, M. SAUNDERS, AND C. Su (2018): “Optimal Income Taxa-
tion with Multidimensional Taxpayer Types,” http://stanford.edu/~dingma/files/
DingMaWorkingPaper-2.pdf

KLEVEN, H., C. KREINER, AND E. SAEZ (2009): “The Optimal Income Taxation of
Couples,” Econometrica vol. 77(2), 537-560. https://onlinelibrary.wiley.com/
doi/abs/10.3982/ECTA7343

LockwooD, B. AND M. WEINZIERL (2016): “De Gustibus non est Taxandum: Hetero-
geneity in preferences and optimal redistribution,” Journal of Public Economics vol.
124, 74-80. http://www.sciencedirect.com/science/journal/00472727/124

LOLLIVIER, S. AND J. ROCHET (1983): “Bunching and second-order conditions: A note
on optimal tax theory,” Journal of Economic Theory vol. 31(2), 392-400. https:
//www.sciencedirect.com/science/article/pii/0022053183900868

Mankiw, G., M. WEINZIERL, AND D. YAGanN (2009): “Optimal Taxa-
tion in Theory and Practice,” Journal of FEconomic Perspectives vol.
23(4), 147-174. https://dash.harvard.edu/bitstream/handle/1/4263739/Mankiw_
OptimalTaxationTheory.pdf?sequence=2

MANKIW, G., AND M. WEINZIERL (2010): “The Optimal Taxation of Height: A Case
Study of Utilitarian Income Redistribution,” American Economic Journal: Economic
Policy vol. 2(1), 155-176. https://www.aeaweb.org/articles?id=10.1257/pol.2.1.
155

MIRRLEES, J. (1971): “An Exploration in the Theory of Optimal Income Taxation,”
Review of Economic Studies vol. 38, 175-208. http://aida.econ.yale.edu/~dirkb/
teach/pdf/mirrlees/1971optimaltaxation.pdf

MIRRLEES, J. (1986): “The Theory of Optimal Taxation,” Handbook of Mathematical
Economics https://www.researchgate.net/publication/250754809_The_Theory_

of _Optimal_Taxation

PikeTTY, T. (1997): “La Redistribution Fiscale face au Chomage,” Revue Francaise
d’Economie vol. 12, 157-201.

Ri1os, J. (2019): “Welfare Analysis of Transfer Programs with Jumps in Labor Supply:

Evidence from the Brazilian Bolsa Famlia,” Job Market Paper

32


http://stanford.edu/~dingma/files/DingMaWorkingPaper-2.pdf
http://stanford.edu/~dingma/files/DingMaWorkingPaper-2.pdf
https://onlinelibrary.wiley.com/doi/abs/10.3982/ECTA7343
https://onlinelibrary.wiley.com/doi/abs/10.3982/ECTA7343
http://www.sciencedirect.com/science/journal/00472727/124
https://www.sciencedirect.com/science/article/pii/0022053183900868
https://www.sciencedirect.com/science/article/pii/0022053183900868
https://dash.harvard.edu/bitstream/handle/1/4263739/Mankiw_OptimalTaxationTheory.pdf?sequence=2
https://dash.harvard.edu/bitstream/handle/1/4263739/Mankiw_OptimalTaxationTheory.pdf?sequence=2
https://www.aeaweb.org/articles?id=10.1257/pol.2.1.155
https://www.aeaweb.org/articles?id=10.1257/pol.2.1.155
http://aida.econ.yale.edu/~dirkb/teach/pdf/mirrlees/1971 optimal taxation.pdf
http://aida.econ.yale.edu/~dirkb/teach/pdf/mirrlees/1971 optimal taxation.pdf
https://www.researchgate.net/publication/250754809_The_Theory_of_Optimal_Taxation
https://www.researchgate.net/publication/250754809_The_Theory_of_Optimal_Taxation

RoucHAN, M. (2016): “Variational Methods and Optimal Control,”  http:
//www.maths.adelaide.edu.au/matthew.roughan/notes/Variational _methods/

files/lecture20.notes.pdf

SADKA, E. (1976): “On Income Distribution, Incentive Effects and Optimal Income
Taxation,” Review of Economic Studies vol. 42, 261-268. http://eml.berkeley.edu/

~saez/derive.pdf

SAez, E. (2001): “Using Elasticities to Derive Optimal Income Tax Rates,” Review of
Economic Studies vol. 68, 205-229. http://eml.berkeley.edu/~saez/derive.pdf

SAEz, E. (2002): “Optimal Income Transfer Programs: Intensive vs. Extensive Labor
Supply Responses,” Quarterly Journal of Economics vol. 117(3), 10391073. https:
//eml.berkeley.edu/~saez/botqje.pdf

SCHEUER, F. AND I. WERNING (2016):  “Mirrlees meets Diamond-Mirrlees,” NBER
Working Paper No. 22076 https://www.nber.org/papers/w22076

SCHEUER, F. AND I. WERNING (2017): “The Taxation of Superstars,” Quarterly Journal
of Economics vol. 132, 211-270.

SEADE, J. (1977): “On the Shape of Optimal Tax Schedules,” Journal of
Public Economics vol. 7, 203-235. https://eml.berkeley.edu//~saez/course/
seadeJpubE77zerotopresults.pdf

33


http://www.maths.adelaide.edu.au/matthew.roughan/notes/Variational_methods/files/lecture20.notes.pdf
http://www.maths.adelaide.edu.au/matthew.roughan/notes/Variational_methods/files/lecture20.notes.pdf
http://www.maths.adelaide.edu.au/matthew.roughan/notes/Variational_methods/files/lecture20.notes.pdf
http://eml.berkeley.edu/~saez/derive.pdf
http://eml.berkeley.edu/~saez/derive.pdf
http://eml.berkeley.edu/~saez/derive.pdf
https://eml.berkeley.edu/~saez/botqje.pdf
https://eml.berkeley.edu/~saez/botqje.pdf
https://www.nber.org/papers/w22076
https://eml.berkeley.edu//~saez/course/seadeJpubE77zerotopresults.pdf
https://eml.berkeley.edu//~saez/course/seadeJpubE77zerotopresults.pdf

A Proofs Appendix

A.1 Proof of Lemma 1

Proof. First, we show that (SCP) = z(n, a) is non-decreasing in n. Towards a contradiction,
suppose not: Ing < ng s.t. 23 > z9, where z3 = 2%(n3), 22 = 2*(n2) (note, « is held fixed
so, for ease of notation, we will omit a as an argument). We thus have: u (c(zg), m) >
u (C(Zg), 22 ) and u (c(22), Z—é) <u (0(23) ) By continuity of w in n (and hence continuity
of u (c(22), 2) —u (c(23), 2) in n), we have that I ng <7 < ng s.t. u(c(z2), 2) = u (c(23), 2).
Next, consider the function ¢(z; 71, @) which denotes the consumption level s.t. type n has utility
@ at income level z, where @ = u (c(22), 2) = u (c(23), 2). In other words, &(z;n, @) implicitly
solves u (¢, 2) = @. By construction, é(22) = ¢(22) and é(z3) = c¢(z3) (where, for ease of notation,

we omit 7, @ as arguments from ¢). Now consider the following derivative:

51 (6(2), )
ue (6(2), %) )

This derivative is equal to zero, since u (é(z), %) = u V z. Next, WLOG suppose na > 7 (the
argument is easily adapted if instead 7 > n3). Then, by the SCP we know that:
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a contradiction.

Second, we show that (SCP) = 2*(n, ) is increasing in n whenever T"(z) exists. Whenever

T'(z) exists, optimal income 2*(n, @) must satisfy agents’ FOCs:
(1= T(z) — 2 (25 =T, i) =0
n' n’ )

Now suppose that for n; < ng, 2*(n;;a) = 2*(ng; ) = z*. By the FOCs for n; and ny we

know:

n%ul (z* —T(z"), fl—j;a) n%ul (z* —T(z"), %;a)
Ue (z* ~T(z%), %5 a Ue (z* —T(z%), 2 a)
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However, this violates the (SCP), a contradiction. Given Lemma 1, it must be the case that

2*(n, a) is increasing in n whenever T"(z*) exists.

O]

A.2 Proof of Lemma 2

Proof. Suppose (SCP) holds, and fix a (we will omit a as an argument for ease of notation).
Further, suppose under a given tax schedule an individual with productivity level n; has multiple
optimal income levels. Denote her minimum optimal income level z;” and her maximum optimal
income level zf , Where zf > z; . We know by the proof of Lemma 1, that no other individual
with ng # ny can have an optimal income level between 2z, zfr by monotonicity of z*(n, «) in

n.

Next, by slightly adjusting the proof of Lemma 1, we can show that there cannot be multiple
individuals with the same multiple optimal income levels. Towards a contradiction, suppose
that individual no has the same multiple optimal income levels as individual n1. Thus, we have:
u (c(zl_), %) =u (c(zfr), %) and u (c(z{), %) =u (c(zfr), %) Next, consider ¢é(z;nq,u)
which implicitly solves: u (é, n%) = u where © = u (c(zl_), %) =u (c(zf), %), ie., ¢(z;n1,a)
gives us the consumption level at each income z s.t. type n; receives utility «. By construction,
é(27) = c(z7) and é(2]7) = c(2]") (where, for ease of notation, we have omitted the arguments

ny and u from ¢é(-)). WLOG, assume ng > nj. Then, by the definition of ¢(z) and the SCP we

know:
O:gzu(é(Z)’nZl):é/( w (é(z),nl) w (é('z)’n%)
Ue (é(z)’ n%) n1Uec ( 7 n1> N9 U (6(2)7 n%)
CS

Multiplying both sides of the inequality by wu.

<(z)+

%) and integrating over z from [z, 2],

we get:

a contradiction.

Thus, we know the following: for a fixed «, if an individual has multiple optimal income
levels, no other individual can locate in between her minimum and maximum optimal income
levels, nor can another individual have the same set of optimal income levels. This means that
for a fixed level of a: (a) if an individual does have multiple optimal incomes, there must be
a jump discontinuity in the optimal income function z*(n) (the converse is also true: a jump

discontinuity in z*(n) implies an individual must have multiple optimal incomes by continuity of
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the utility function) and (b) each of these jump discontinuities in z*(n) corresponds to a single
type n who has multiple optima. Because z*(n) is weakly monotonic for each fixed «, we know
that it can only have a countable number of such jump discontinuities. Thus, we can associate
each jump discontinuity in z*(n) to a single type n who has multiple optimal incomes, which

implies there are at most a countable number of individuals with multiple optima for each «.

Next, for each «a, let denote {m;(a)} denote the countable set of types m (indexed by %)
which have multiple optimal income levels. Finally, the set of all individuals over N x A space
that have multiple optima is given by Ugeca{m;(a)}, which is countable given the union of

countable sets is countable.

O

A.3 Proof of Lemma 3

Proof. Suppose T"(z) exists, meaning optimal income, z*(n, «), satisfies the following condition:
FOC(z*,n;a) =0

where

FOC(z,n;a) = ue (z —T(2), %;a) (1-T'(2)) + %ul <z —T(2), %;a)

Now, suppose 2*(n, «) is continuous at n1, but SOC(z*(n1; «), n1; ) = 0 (where SOC(z,n; ) =
%(Zz’n;a)).“ By continuity in z* at n;, we know for a small € change in n, we have a cor-
responding small § change in optimal income. However, the FOC at (z + d,n1 + €, a) will be

approximately equal to:

FOC(2 + 6,1 + €.a) = (FOC(z,n; @) +68F008(;’”;a) +58Foca(j’n; a)> TP
z*¥(n1,a),n1,a
_ JroC(znia) >0
on (z*(n1,a),n1,a)

where the second equality comes from the fact that the SOC is 0 for (n1, ) and we know that
the FOC must be 0 for type (n1,«) when evaluated at her optimal income, z*(ni;a). The last

inequality comes from the fact that by (SCP), afggc (2 (nrsc) i 0) > 0 (see A.3.1 below).
z*(n1,a),n1,a

Since FOC(z 4 ,n1 + €;) > 0, z + 0 cannot be the optimal income for type (n; + €, @)

(as the optimal income must set the FOC to 0 when 7" exists). Hence, the optimal income
function z*(n,a) cannot be continuous at n;. In other words, if the SOC holds weakly for a
given (n1, «), there must be a jump discontinuity in the optimal income function z*(n, ) at ny,

meaning that type (n1, a) has multiple optimal income levels under the given tax function.

Finally, because we know that if an agent’s SOC = 0 at an agent’s optimal income level,

then she has multiple optimal income levels, we also know that if an agent is to only have one

F : . .
“2Note, %(ZZ’"’@) exists as we assume T”(2) exists.
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optimal income level, her SOC < 0 at this unique optimal income level.*?

A.3.1 Showing 2£9¢ >0

on (z*(n1,0),m1,0)

Differentiating the FOC w.r.t. n gives:

oFOC 1 Lz
5, = 2 (uclz(l -1+ i + ul)

We will show by (SCP), that (uqz(1 —T") + uuZ + ;) < 0 at (2*(n1, @), n1, @). The SCP gives

us:
1

z V4
——3 (—ucul — —UUe + —ulucl> <0
n2u? n n

which gives
z z
—UU] — —UPUe + —Ugteg > 0
n n

At (2*(n1, ), n1,a), we know the FOC is 0, i.e., —u.(1 —T") = %ul. Thus, we get:

>0

z
_ -z — 1-1 )
( U] nulluc ZUC( )ucl (Z* (nha)’nl,a)

Dividing through by —u. we get:

<0

(z*(n1,a),n1,0)

z
<uz + ol +2(1 - T’)“d)

9FoC
Thus we get <57

> 0. O

(z*(n1,a),n1,0)

A.4 Full 7(z) Function

We define 7(z) to be a twice continuously differentiable. Hence, we need a 7(z) function that
satisfies (7(Z — dz?),7/(2 — dz?),7" (2 — dz?)) = (0,0,0), (7(2),7'(2),7"(2) = (d?%,1,0), (7(Z +
dz), 7' (2 +d2),7"(2+d2)) = (dZ+dZ?,1,0), (T(2+dZ+dZ?), 7' (2 +dz +d3?), 7" (2 +dz +d3%) =
(dz,0,0). One can check that the following 7(z) satisfies these conditions:

=0 if 2 <2z —dz?

=T11(2) if 2 € [z —dz?, 7]

2) = 1(2) if 2 € [Z+dZ, 2+ dZ + dZ?]

(2)
(2)
7(2) =2z—2+d3* ifz€ (2,2 +d?]
(2)
(2)

=dz if 2> 2+dz+dz?

43Note, if an income level satisfies FOC(z,n;a) = 0 and SOC(z,n;a) < 0, this does not imply that
the z is an unique global maximum for type (n,a). Rather z could simply be a local maximum for type
(n, a).
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where we define:

71(2) = 3dz* (Z il Gl d22)>5 — 8d3? (Z G d22)>4 + 6d3> (’" i d52)>3

dz? dz? dz?

5 di+d?)—2\° S di+d?) —2\! P+ di+d?) —z\°
ro(z) = gaz2 (EHAEHAT) 2N oo (ERdEHAT) Z2) g (BHAETAET) 207 )
dz? dz? d32

A.4.1 Proof that 7(z) and 7/(z) Are Bounded on [z — dz?, Z| and [z — dZ?, Z]

It’s immediately clear, that 71(2) and 75(z) are bounded by dz%. As far as 7{(z) and 75(2),
note that:

) =15 (O (LAY g (2 dY

(Z+dz+d3?) —2\* (2+dz+d3?) —2\° (Z+d7+d3%) —2\°
h(z) = —45 ( = +88 = — 42 =

It’s easily shown that both of these functions are bounded on their stated domains.

A.5 Proof of Proposition 1

We start by plugging our chosen 7(z) into Equation 5 (denoting the set Z7 = (2 + dzZ +
dz?,00) \ {K;}):*

oz*
e

2 /:,dgz {7Wu(u*)u27(z*) +A (T’(z*)

acA

Fhaz * * 0k = = 1/ % Zi*’az* Nz*,a . - N N 5 - )
;/g [Wu(u Yul(z* — 24 dz?) — X (T (z%) (1 T +7 e (= z+dz2)> — (= z+d22)>] AH (2*|a)p(a)+

+760) | ar o+

n=0

/:+dz+d22 {_Wu(u*)uZT(z*) a (T/(Z*)%‘#:o + T(z*)):| dH (2" |a)p(a)+

acA +dz 8“
3 / {—Wu(u*)uj.dfz' Y (T/(z*) leta gz d%)} dH (2" |a)p(a)+
Py 1-T/(s%)

> dEN (1 —w(K:)) prc (Ki)L(K > 2 4 dZ + d2%) = 0
K;

(15)

We know that Equation 15 must hold for all values of dZ (as the derivative of the
government Lagrangian in the direction of any function 7(z) must be 0). We first divide
through by dz everywhere and then take the limit of Equation 15 as dz — 0. Doing so,

we get the following:

4 Note, individuals who bunch at kinks can only locate outside the interval [ — dz?, Z+ dZ + d??] given
our choice of 7(z).
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T'(2) . B T'(z")
- A——7—=275 h(Z|a)p(a) — / Ao a7 AH (27 |a) p() +
DA ez ahGledn( 2;4 ey Ty G

A— Wy dH )\l—w KH)I(K; >2Z)=0
/@,oo)\{m( (")) +Z K0)) pre (K LK > 2)

(16)

The first term and third term of Equation 15 go to 0 as the integrals are of order dz?
(the integrands are bounded and integrated over an interval of size dz?)*"; thus dividing
these integrals by dZ leaves us with a term that is of order dZ. Hence, these two terms go
to zero as dz goes to 0. It’s easy to see how the fourth term of Equation 15 goes to the
second and third terms of Equation 16 after dividing by dz and taking the limit as dZ
goes to 0. Similarly, it’s easy to see how the fifth term of Equation 15 goes to the fourth
term of Equation 16. For the second term of Equation 15 (after dividing through by d2),
we use the rectangle approach to approximate the integral as:*¢

> {—Wuw*)uzdzz A (T'@ (1 Tt T T,( a2 ) a2 )| drGlap(e) -

acA
- Z A\——"2_27°H (%|a -> )\1 — T/ ZZ h(Z|a)p(e)
a€A acA

Finally, denoting Z¢ = > ., Z¢,p(|Z) as the average compensated elasticity at
income Z, 7.« = Y4 M-+ ap(r|2") as the average income effect parameter at 2*, w(z*) =
Y oca Wp(a\z*) as the average social welfare weight at income z*, switching the
order of the sum and the integral on the second term in Equation 16, and noting that

45 As the utility function is clearly bounded in this range, it suffices to show that 7(z) and 7/(z) are
bounded, which implies that %—i| u=0 is bounded as well. See Appendix A.4.1.

46Tn order to apply the rectangle approach, it suffices to ensure that the integrand is continuous and
that H(Z|«) is continuously differentiable at Z. Given that Equation 15 only holds at non-kink points,
we only consider Z where T'(2) is twice continuously differentiable. Thus, the integrand is continuous by
our assumptions on utility. If n(Z, «) is on the boundary of support of F(n|a), F'(nla) # 0, and 2 is
an interior income chosen in society, then there will be a kink point in the tax schedule at Z meaning
Equation 15 does not apply (note, we are ignoring knife-edge cases wherein there’s a Z for which the
support of F(n|a;) ends and the support of F(n|o;) begins and these effects perfectly offset so that
the tax schedule is differentiable). Hence, we can restrict attention to cases where n(Z,a) is in the
interior of the support of F'(n|a). In this case, H(Z|a) is continuously differentiable so long as F'(n|a)

. -1
is continuously differentiable (which we assume) and anézz;a) = (dzg;’a)> exists and is continuous.
M exists as long as the SOC holds strictly, which is true by Lemma 3 as we assume no one has
multlple optima at Z. Finally, M > 0 by Lemma 1 so that w exists; continuity of % follows
from our assumptions of twice contmuous differentiability on the utility functlons and tax schedule at
non-kink points. Hence, H(Z|a) will be continuously differentiable at all non-kink points of the tax

schedule, so that it is admissible to use the rectangle approach on Equation 15.
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h(zla)p(a) = p(alz)h(z), we can rewrite Equation 16 as follows:

f T (1= o) dH (=) — %ﬂgh@ - /( s ﬁz*%dﬂ(z*) =0

A.6 Proof Equation 8 Holds At Points of Non-Differentiability

Proof. We seek to show Equation 8 (reproduced below) holds even at points of non-
differentiability of the tax schedule.

Up (c(z*_), %; a) T(2*7) — u, <0(2*+)7 %3 04) 7(2*F)

0w (o) r0) 2 - (o), 2 0) 2

Recall that m(«) is the individual with multiple optima and that m(«), z*~(«), and
2**(«) are functions of the tax schedule. Hence, we now explicitly write these as func-
tions of u: m(a, 1), 2* (o, p), and 2** (o, ), which satisfying the following indifference

relation:
2 (a, ) | a)
m(a, )

=ul 2" (a,u) =T (a —ur (2 (« —z*+(a,/¢).a
= () = T ) = ), 20

U <z*(a, p) =T (a, ) — pr(2* (o, ),
(17)

WLOG, let us assume that the tax schedule is non-differentiable only at z*~ and not at
2**. Denote the right marginal tax rate at z*~ as T"" and the left marginal tax rate at
*

2*~ as T". There are a number of cases to consider. First, suppose that for the indifferent

individual m(«, 0):

2 (a,0)

. Nt (ot g 200 Y 2 (,0)
oo (et o) 200 ) - (e @0, 2 ) S <
(1)
and
*— Z*7<a70)‘a o U cz**a Z*7<C¥,O)‘a Z*i(OZ?O)
e (et o 200 ) - o (e o, 200 ) 0

19)
Note, in this case, for sufficiently small x, Equations 18 and 19 both still hold, so that
2*~ does not change with p. In this case we can consider z*~ a constant (as a function
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of p) and apply the implicit function theorem to Equation 17 to yield:

2 (v, 0) *+

e { ez (0,0), T o ) 7(=7) e (o). T ) ()
( o) 7 e (47 e

o (e 0o, B0 0) 2 (o0, T ) ) ol

0 Sl ) ] B
(20)

=0

Because we have:

(g Z(a, 0>‘Oz Tl (o w l el (o Z*+<O‘70),& Z(a,0) _
e (el 0), S0 ) (=) (e 0,0, SO ) S0

we can rearrange Equation 20 to yield Equation 8. Now, suppose instead that:

*—

z

*—

;a) (1-T") +u (c(z*_), : ;a> o (21)

m m2

. (c<z*—>,

m

and
.

z

*—

;a> (1T +u (c(z*), : ;a> 20 (22)

m m2

. (c<z*>,

m

Now, consider perturbing the tax schedule in the direction of a function 7(z) that
induces individual m(a, 0) to remain at income level z*~(a, 0). In this case, we can apply

the same logic as before, holding 2*~ constant as a function of i to yield Equation 8 as our

om(a)

expression for B

. On the other hand, suppose that perturbing the tax schedule
n=0
in the direction of a function 7(z) induces m(c,0) to move along the tax schedule to the

right. In this case, when we apply the implicit function theorem to Equation 17 we get:

e (e (a0 ;(fj‘o‘i),a) () ~ e (c< .0 oo+

u <c<z*<a’0 = a> o (oo, S o) SRS O]

:uc (c(z*_(a, , = ) (1=T") 4w ( (2" (o, 0)), Z;;((:b(;);a> j;;(i%;?} 6z*‘a(:¢,u) )FO—I—

:uc (c( e, 0)) *+ (o, O a) )+ ( (" (e, 0)), Z;:éjb?w) ZJ(E,O[(S)OZ)] 8z*;(:4,:;)3‘)u_0

_|_

°

=0

But now, we also have that:

e (el e0), 8 ) (1) o (el (a0, S0 )

Hence, as before, we can rearrange to yield Equation 8. The logic is identical if instead
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we have:

*—

", (c(z*), : ;a> (1—T") +u (c(z*), Z*;oc> <o

m m

and

*—

", (c(z*), : ;a> (1=T" +u (c(z*),i;a> )

m m m2

Moreover, the logic is identical if the tax schedule is instead (or also) non-differentiable at

z*T. Hence, Equation 8 holds even if the tax schedule is non-differentiable at z*~ and/or
s

2
]
A.7 Proof of Proposition 2
First, we can write the government’s Lagrangian as:*’
L= Z/ [ ( (c*(n,a),@;a) n, a) +)\T(z*(n,a))} dF (n|a)p(a)+
acA
M(a)— miy1(a) z*(n Oé)
>y / (w00, 22 0 ) ) 47 ()| aF )+
acA  i=1 mi()
S (om0 ina) 4 o] aFalata)
acA Y MM (a) (@)

Taking the derivative of the Lagrangian w.r.t. p and evaluating at u© = 0 we get an

augmented version of Equation 9:

£ [ (5

+ T(z*)):| dF (n]a)p(a)+

! (9m<;oz) (24)
22 AT =T (@) T | Fmidelap(a) = 0

Now consider the same perturbation as in Subsection 3.2. For the (m;(«),a)’s with

27t (@) > 2+ dz +dz? and 27 () < Z — dZz?, the jumping effect is equal to:

ust (o) dz

i () 25 — gt (o) 21

f(m;(a)|a) = Ju(a)Adz

*+(

where v = u, (z”(a) —T (2 (@), 2 a)'a> ete.

v ¢ » mi(a) ?

4TWe've used Assumption 2 to ensure that the set {m;(a)} can be totally ordered using the usual
relation <, so that we can write out the Lagrangian as a sum over integrals with endpoints in {m;(a)}.
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On the other hand, for the (m;(a), a)'s with 2}~ (a) > Z + dz + dz?, the jumping effect is
equal to:
utt () dz —uf (o) dz

ci

f(m(a)|a) = Jy(a)AdZ

z; () * z ()
el Ui (@) nay2

w,; (@)
Dividing Equation 24 by dZ\ and taking the limit as dZ — 0 (following the same ideas
as in Appendix A.5) we get:

[ m(1—w<z*))dH(z*)—%ﬁgh(z)_ /( )\{K}nz*%d}[(z*)

M(a)
Z Z [J1()1 (27 (@) < 2 < z7H(a)) + Jas(@)1 (27 (a) > 2)] p(a) =0

acA i=1

A.8 Equivalence of Equation 11 to Mirrlees (1971) With Uni-

dimensional Heterogeneity

We show equivalence of Equation 11 to Mirrlees’s (1971) optimality condition when het-
erogeneity exists only in the productivity dimension. We prove this for the case where
just one individual has multiple optima; the proof is easily extended to the case where
more individuals have multiple optima.*® Suppose some individual with productivity m
has multiple optimal income level 2*~ and 2**. We will show equivalence of Equation
11 at all income levels Z for which the tax schedule is differentiable and some individual
n # m chooses to locate at z.* We start by considering incomes Z > z**; we know

Equation 11 simplifies to:*

/2 h [1 Cw(z) — %n dH (") — %Zgéh(i) —0 (25)

What does Equation 11 look like for incomes below z*~7 In this case, for incomes at

48Gaez (2001) showed that Equation 11 is equivalent to Mirrlees’s (1971) optimality condition if all
individuals have a unique optima.

19Equation 11 only holds at a given Z when T'(2) is differentiable and when no individual has multiple
optima at Z. Moreover, while Equation 11 can be applied at incomes between z*~ and z*T, it will not
generate an optimality condition for marginal tax rates between (z*~, 2*1) as no one locates in this range;
rather it will generate an optimality condition that (T'(2*T) — T'(2*~)) must satisfy (this will become
clearer later on in the proof). Similarly, Mirrlees’s (1971) optimality condition does not specify marginal
tax rates between z*~ and z**. Ultimately, this is not overly important because tax rates between z*~
and 2*T are not unique: any tax schedule that generates a consumption schedule that lies below type

m’s indifference curve and leaves type m indifferent between z*~ and z*T yields the same total welfare.
50We abuse notation and define %W* = 0 if the tax schedule is non-differentiable at z*. This

notational simplification means that we do not have to explicitly exclude kink points from the integrals
as in Equation 11.
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which the tax schedule is differentiable, Equation 11 yields:

/:0 [1 —w(z") — %nz*} dH(z*) — 1fl—1(wz)Zczh( )+ =0 (26)

where

JQ(T(“T(””)%(M(( W)l)uiéz(( *ﬂz))z*ﬂ

It will be helpful to rewrite Equation 26 by considering Equation 11 for incomes

f(m)

between z*~ and z*". By the SCP, no individuals will locate between 2*~ and 2** in the
unidimensional world; thus, marginal tax rate are not uniquely pinned down between z*~
and z*T as any tax schedule that generates a consumption schedule that lies below type
m’s indifference curve and keeps type m indifferent between z*~ and 2*t leads to the
same total welfare. However, we can nonetheless apply Equation 11 to incomes between
z*~ and z*T to get a condition that pins down (T'(z*7) — T(2*T)):=

/ZOO {1 —w(z") - %Th*] dH(z*)+ J1 =0 (27)

ot

where

e (), 55
T (), 5 7~ (o), ) )

f(m)

*=,2*") as no one

Note, there are no elastic effects of changing tax rates between (z
locates in this range. Hence, Equation 27 does not pin down marginal tax rates between
(2*7, z*1); rather, Equation 27 provides a condition that pins down (7'(z*7) — T'(2*")).

Next we note that:

/Oi ll —w(z) - %n} dH (z°)

where u;" = u.(2*" — T(z*"), 2"t /m) and v}~ = u.(z*~ — T(2*7),2*" /m). We can use

this relationship to rewrite Equation 26 for all incomes Z < z*~ for which the tax schedule
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is differentiable:°!

/ {1 —w(z’) - %n] dH (z") + Z; /:O {1 —w(2") = Ty T;’z(i)n dH (=)

TG -
—1_—T/<£)Zgzh(z)—0

(28)

Thus, in order to show that Equation 11 is identical to Mirrlees’s (1971) optimality
condition at all income levels Z for which the tax schedule is differentiable and some
individual n # m chooses to locate at Z, it suffices to show that Equation 25 and Equation

28 are equivalent to Mirrlees’s (1971) optimality condition.

We can combine Equations 25 and 28 by defining the following function Q(z): Q(z) =

e if 22> 2T Q(z) = 11if 2 < 2", and Q(z) = 0if 2*~ < z < z*". The optimal tax

upt

schedule must satisfy the following differential equation V Z ¢ {z*~ 2*T} where the tax

schedule is differentiable (recognizing that Equation 29 holds vacuously between z*~ and

Z*Tas h(zZ) =0 for Z € (*,2*T)):

e [-wte - | a) - @ Tz 0 (29

Changing variables from z* to n, denoting the individual who chooses Z as n:

@ |1t - T8 fnddn - Q) 25 ) =0
: (30)
where w(n) = w(='(n)), Q(n) = Q(="(), Q) = Q7)) = Q). T'(n) = T'(="(w)
etc.%? 3

Next, following roughly the Appendix to Saez (2001), we define:

K = [ Qi gy fmdn

D(i) = ngf(ﬁ)z*’@)

C@) = [ Q1 = () f(n)dn

T' (%)
1-T'(z*)
52We break type m's indifference and assume they locate at z*~ so that z*(m) = z*~.
53At all z* where the tax schedule is differentiable we have H(2*(n)) = F(n) (by Lemma 1), which

implies h(z*(n))z*'(n) = f(n).

51 Again we abuse notation by defining 1.+ = 0 if the tax schedule is non-differentiable at z*.
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We can rewrite Equation 29 as follows:
K'(n) = D(n) (K(7) + C(n))
Following the steps Saez (2001) uses to get to Equation (27) in his Appendix we get:
K(n) =— [OO C'(n) exp {— /n D(n’)dn’] dn — C(n)
Differentiating the above equation yields:

K’(ﬁ):—/ﬁ C'(n) exp{ /D dn]

Plugging in the definitions for K’, C’, D, rearranging we get:

s i = [Tt es | [1(~HE0 ) do| sy 3

Mirrlees’s (1971) first order condition for the optimal tax schedule is:

(1 (1) ) A’ f (i)
(i) ) —u (@) — Ui)un () + Uy u @) wa (@) fuc(i) ~
L W) | W ua)
/ﬁ <uc(n) /\ ) p[/n () d ]f( )d

where [(n) = z*(n)/n and u(n) = u (z*(n) — T (2*(n)), 2*(n)/n) etc. We now show that

Mirrlees’s first order condition is mathematically equivalent to our Equation 31. Using

the following definition:
500Gy =2 (u (z ~T(2) 5) (1= T'(2) + Luy <z ~T(2) —)
’ 0z \ ¢ n n ’

Z5z*(n) —uc(n) 1 —SOC(z*(n),n)
) = 500G ) A gy = T (ur ()L () ()t () e () More

over, by n’s FOC we know: T’(n) = (1 + ul(") ) Multiplying both sides of Mirrlees’s

we can write

uc(n)
formula by wu.(7) and using these identities we get

T'(n)  Zgz"(n) . ol W uan)
=T () f(n) = /ﬁ(l ())uc(n) pM () dn'| f(n)dn (32)

Showing equivalence between Equation 31 and Equation 32 only requires showing that
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tell) oxp [f - ——l("/)%’("/)dn’} = I exp [ I —MZ;(%) dn’] We have:

n n'uc(n’) ze,

LW, [t

A nu(n)

uc(n) Q(n)

o o () -t

= exp | [log (u(A)Q(R)) — log (u(m)Q(m))] — |
- / _ dlog (u(M)Q()) _ U(nYua(n') dn,]

ot

n'u.(n')

| /5 dn/ n'u.(n')
ex [ o d (ue(n)Q(n)) 1 l(n’)ud(n’) »
- / W w@Qw) | W) }
o [ _duc(n’) 1 [(nYue(n') .
P /n dn’ uc(n) n'u.(n’) d }
o e =T()) + gud(n’)z*, N
= exp /n w () (n")d ]

= exp _/ﬁn Z’z (( ?dn’}

where the third equality follows as u.(n)Q(n) is is an absolutely continuous function®,

due(n")Q(n' due(n'
Q) _ (e

equality follows by the definition of the elasticities 7, and Z;. Thus, our formula is

the fifth equality follows as almost everywhere, and the final

equivalent to Mirrlees (1971) even if individuals have multiple optimal income levels.

A.9 Proof that Jy;(a) <0

WLOG, assume that (m,«) is the only individual with multiple optima, and denote his
multiple income levels as 2*~ and z*T (thus, we have dropped the ¢ subscripts and no
longer express the multiple income levels or the productivity level of this individual as

functions of a). Ji(«) is given by:

ut ()

u” (@) 57— (o) 5z

(T(=7) = T(="")) f(mla) = Ji(a)

m )

where u**(a) = u, (c(z*+), ﬁ; a) and u (o) = uy (c(2*7), & a) etc.

We know that u*(a) > 0 and we assume that T'(2*~) — T'(2**) < 0. Thus, to show

Ji(a) < 0, we need to show <c(z*_), 7; a) 2T —y (c(z**), %; a> ** > 0. Suppose

towards a contradiction that w; <c(z*+), %; a) 2T >y (c(z*_), %; a) 2*.

54Continuity arises because lim,,_,,,~ u.(n)Q(n) = u}~ and lim,_,,+ u.(n)Q(n) = uit = = u

Absolute continuity follows due to our differentiability assumptions on u(+).
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Consider the function ¢é(z;m, a, @) that implicitly solves u (é, = a) = u where u =

U <c(z*_) . a) —u (c(z**), Zm+ : a). Thus, é(z;m, a, @) denotes the consumption level

Y m Y

for type (m, ) such that for every income level z, utility remains constant at u. By
construction ¢é(z*7) = ¢(2*7) and é(2*") = c¢(2*") (note, we will omit the arguments

m, «, 4 from ¢é(-) for ease of notation).

By the Mean Value Theorem we know that (omitting the o argument from the utility

function):
*+ B e _ [ 9(zu (é(z), i))
*+ Af X+ z ok ALK < *+ ok l m
2 Ty (c(z ),—m ) Z7 (C(Z ), . ) + (2 Z7) < 02 B
k= ALK Z"” *+ _ x— i &
= 2"y (c(z ), - ) + (= Z"7) (uz + —uy + zugc (Z)) o)

for some Z € (2*7,2*T). By the fact that u(é(z),z/m) is constant for all z, we know:

POOLE — (02, 2) () + £ ((2), 2) = 0. Substituting in ¢(z) = — L8

*+ *—
2y (é(z**), & ) = 2"y (é(z*), : > + ("t = 27) <Uz + Sy — iUczﬂ)
m m

m m U

a(3),2

By our assumption and the fact that ¢(z*") = ¢(2*T) ete., we have z*Tu, (é(z**), %) >

2Ty (é(z*_), %) Moreover, we know 2*t — z*~ > 0. Thus, it must be the case that

ucl:j—i) o > 0. However, (SCP) yields the following Vn, ¢, z:

(2),z

4
<ul + U —

3 In

1 z z
—— —UU] — —UpUe + =Wy | < 0
n2u? n n

which simplifies to
z Z U
(Ul + —uy — ——ucl) <0
n nu

C

A contradiction. Thus, z*Tv, (c(z**), Q) < 2y <c(z*_), Z

m

>, meaning J;(a) < 0.

A.10 Proof of Proposition 3

Proof. To start, we assume that the tax schedule is differentiable at both optimal incomes
2*7 and 2*" (we consider the non-differentiable case below in A.10.1). We begin by
showing that if indifference curves are convex in (c,z) space, then if there exists an
individual with multiple optima, the marginal tax rate must be lower at her highest
optimal income relative to the marginal tax rate at her lowest optimal income: T"(z*T) <

T'(z*7). Note, as we assume there is only one dimension of heterogeneity throughout this
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proof, we have dropped the o argument.

Suppose there exists an individual with productivity m that has multiple global optima

2*~ and z*" under the optimal tax schedule (i.e., jumping behavior exists under the

optimal tax schedule).”® Because we assume the optimal tax schedule is differentiable at
*4

*

2*~ and 2*", we know that z*~, 2** must satisfy individual m’s FOC:

1— T/ *— k— T k—

(=T ===y

and .
1— T/ *+ *+ *+
=Tt = ——u]

where u}™ = u, <z** —T(z*), %), uT =y (z** —T(z*), %) etc.
The indifference curve for individual n with utility @ is the set of points (¢(z;n, ), 2)

in (c, z) space where ¢(z;n,w) implicitly solves u(¢, z/n) = w. Implicitly differentiating

this last condition w.r.t. z, the slope of this indifference curve at point (¢(z;n,a), z) is
_5Ul (c(z n,u), n)
Ue (é(z n,u), Z)

to assuming gz% >0V n,u.

given by . Given we assume indifference curves are convex, this amounts

Next, we know that (2*~ — T(2*7),2*7) and (2*" — T'(2*"), 2*") lie on the same in-
difference curve for individual m (as they are two points in (¢, z) space that give m the

same level of utility). Because z*~ < z**, by our convexity assumption, we know that
e
mt < ;”Ifj . By individual m’s FOC, this implies 1 —7"(z*7) < 1 —=T"(z**) meaning

Ue

T'(z*t) < T'(z*7). Thus, if indifference curves are convex in (¢, z) space and there exists

an individual with multiple optima, it must be the case that 7" (z*") < T"(z*7).

Now, consider perturbing the optimal tax schedule in the direction of the new function

7(2)

7(z) =0 if z < 7 — dz?
<T<Z): y—i4+dP ifz €[ 7+ dH]
(z) = if z € [5+dE+d3?, 2 + 6y
7(2) = dz if 2> 2% + 0y

where Z < z*~, and where d, > d; > 0 and dZ > 0 are chosen s.t. Z +dz + dz? < z*~

and dy < z*T — 2*7. We define 7(2) to change from dZ to déz,‘: in a twice continuously
differentiable way between 2*~ +4; and 2*~ + - yet remain un&er individual m’s indiffer-
ence curve. Similarly, we define 7(z) to change in a twice continuously differentiable way
between Z — dz? and Z and between Z + dZ and Z + dZ + dz? (see Appendix A.4 for 7(2)

defined between these two intervals). Note, with one dimension of heterogeneity, there

55The proof is easily extended to consider multiple individuals with multiple optima.
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are no individuals that locate between z*~ and 2z**. Most importantly, under this per-

*
Uc

turbation, the jumping effect J, = 0 because 7(z*") = T(Z*_)u*;, thus the numerator in

Equation 8 is 0, hence %—Z‘] u=0 = 0 (i.e., the person with multiple optima doesn’t change).
Using this perturbation, we can derive a condition that the optimal tax schedule must
satisfy for z < 2*7:
2*7 * T/(Z*) * * uz_ > * T/(Z*> * *
/2 |:1 — CL)(Z ) — T/(z*)nz*} h(Z )dZ + fyan /Z |:1 — (.U(Z ) — T/(Z*)T]Z* h(Z )dZ

c *+
'~
- LZ)ZZ%(%) —0

(33)

remembering that no one locates between (z*~, 2*T).

Now consider the same 7(z) as in the main body of the text. We know that the optimal

tax schedule for Z > z** must satisfy:

/:0 [1 —w(z") — %nz* h(z*)dz* — %Zgéh(i) =0 (34)

There will be no jumping effects from this perturbation as we assume there is just the
one individual with multiple optima and we are perturbing the tax schedule above his

top income: Z > z*t.

Taking the limit of Equation 33 as Z — 2*~ from the left, and taking the limit of
Equation 34 as Z — z*" from the right, we know that the optimal tax schedule must

satisfy the following two equations:

*—

(2—132)— (/: {1 —w(z) - %m} h(z*)dz"+
e / } {1 —w(@) &n} h(z")dz" - &Zgéh(é)) =0

wt fs 1 T(z*) 1—T'(3)
and
e (/‘” [1 ~ele) - %”] h(z")dz" — %Zgéh(é)) =0

We partially evaluate these limits to yield:

*—

T /oj {1 — w(z) - %n] s tim (%zgzh@)) ~0 (35)
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and

LMP—WQﬂ—nggﬁm*Mfﬂf—giﬂﬁ(f§%52ﬁma>zo (36)

T'EZ) 1 rmezp(s : T(2) 1 rmezp(s
Z—z*T)" T’Z(;E)uc(,%) ZEZh(Z) < hm(%ﬁz*_)f T’(E)uc(é) Z:ZZh(Z)

First, we know the following is true for any individual with unique optimal income z*

Next, we will show that lim(

(hence holds for any particular optimal income level 2):

on(z*)
oz*

Z52"h(2") = Z5. 2" f(n(2Y))

on(z*

Implicitly differentiating the individual’s FOC to obtain 82*) and plugging into the

above equation, we get:

—(1 = T"(z"))uc f(n(z))

(1= T'(2%)) + sz + Z5uy

Z5.2"h(2") =

Noting that u}(1 —T"(z*)) = —2u; we get:*°

ZeshE)  f(E () -
(1 —T(2%))ug ﬁu&z_l —uf — g

By continuity of the density function f(n) (which we assumed at the beginning of
the paper), we get lim ,._, ..~ f(n(z")) = f(m) = lim(,._, )+ f(n(z")). Moreover, by
continuity of the utility function (and it’s derivatives) as well as T'(-), we can take the

limit through the utility functions and the tax schedule to yield:

TI z 1 T/ = 2
(3=ze)” 1= T7(2) uc(2) I I .
and T'(3) 1 T'(z*+)f(m)m2
lim - —Z5Zh(2) = 7
Goet)t 1 =T"(Z) u(Z) Eut i — gt — 2t

If %ud% —u; — Zuy is increasing in z along each n's indifference curve, then because z**
C

and z*~ are both on the same indifference curve for individual m, we know (also using

56Note, the compensated elasticity need not be well-defined at z*~ and z*t because the SOC may only

hold weakly for multiple-optima individuals (see Lemma A.3). However, lim; , .- % ﬁ(g)Z}jéh(E)
and lim;_, .-y~ %ﬁ(g)Zgéh(E) are nonetheless well-defined as the RHS of Equation 37 is always
well-defined by Appendix A.3.1 where we show Zuc - —up — Zuy > 0.

Uc
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%uch—i —wu — Zuy > 0 by Appendix A.3.1):

f(m)m? - fm)m?
T e T i UM
And, given that 0 < T"(2*") < T"(2*7) we get:*"
) T'(2) 1 . i T'(2) 1 e
1 Z5Zh(Z) > 1 ZizZh
e w7 b o R LG W a7 P I R
which gives:
) T'(2) o ur T'(2) .
1 ——_7%Zh(Z) > =< 1 —— 2 _7%Zh
(Zalzlﬁ)* 1-— T’(g) 2 (Z) uz+ (,%ﬁlzr*r-lF)Jf 1-— T’(g) z* (Z)

noting that we have passed the limit through the ucl(z) term, which is acceptable again

by continuity.
Finally, by the above inequality and Equation 35, we have that:

v [ {1—W(z*) T nz*} B — 2 (&Zﬁ’l@%

wt f o C1-T'(2) Wt syt \ 1 —T7(3)

ui” /:O {1 o) T'(2*) W} h(z*)dz* — lim (&Zs’gh(go =0

wt ) 1 -T'(2) G- \1=T"(2)7*

*—
Uc

ubt

/:j {1 —w(z") — %nz} h(z*)dz* — (g_{ijgr)“' (%Zg%h(%)) >0

Dividing through by we get that Equation 36 cannot be satisfied:

Thus, if there exists an individual with multiple optimal incomes, it must be locally
optimal to increase marginal tax rates at z** as long as tax rates are differentiable at 2*~

and z*t.

A.10.1 Proof of Proposition 3 when the tax schedule is non-differentiable

To complete the proof of Proposition 3, suppose that the tax schedule is not differentiable
at z*~ and z** (if only one of T'(z*7) or T'(z*") is non-differentiable the proof is essentially
unchanged). First, note that marginal tax rates just above z*~ must be greater than

o+

marginal tax rates just below z*~. Similarly, marginal tax rates just above z** must be

greater than marginal tax rates just below z**. In other words, the two kink points must

5TThe fact that marginal tax rates are weakly positive follows from Proposition 3 in Mirrlees (1971).
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be concave kink points in (¢, z) space, otherwise our multiple optima individual would
not find either z*~ or z** optimal (this is clear from an indifference curve diagram).
Note that while T'(2*7) and T'(2*") are defined in the limit by Equation 11, marginal
tax rates between z*~ and 2*T are not defined by Equation 11 because no individuals
locate between these income levels. Any tax schedule that connects T'(2*7) and T'(2*") in
between z*~ and z** that lies below type m’s indifference curve (so that type m does not
strictly prefer any of these income levels) yields the same total welfare. Hence, it suffices
to show that we can find a welfare improving perturbation starting from a tax schedule
such that type m is right indifferent at z*~ and left indifferent at 2** as marginal tax
rates are not pinned down uniquely between 2*~ and 2*t (this therefore shows that any
tax schedule with two optimal incomes, one or more of which is a kink point, cannot be
optimal). Thus, let T (2*~) and T"(2*") satisfy the following two conditions:
O e

[

and

[

* * 1 *
(1— T'l(z Nut = —Euﬁ

where T (z*~) denotes the right derivative of the tax schedule at z*~, T"(2**) denotes
the left derivative of the tax schedule at z**, and u!~ = w, (z*’ —T(z*), %) etc.”®
Now, consider perturbing the optimal tax schedule in the direction of a new function 7(2)
so that the tax function is 7'(z) + p7(2):

;

7(2) =0 if z <z*~

T(2) = (2" — 2) if 2 € [2*, 2 461

7(2) = (z— 2 —26,) if z €[z 46,2 + 28]
7(2) =0 if 2 € [2*7 4 20), 2°F — 25)]
7(2) = y(2*t — 2 = 209) if z € [2*T — 20y, 2*T — §y]
7(2) = (2 — ") if 2 € [2*F — 85, 2]
| 7(2) =0 if 2 > 2

We are lowering marginal tax rates by a small amount just after the kink point at 2*~ and
raising marginal tax rates just before the second kink point at z**. Figure 9 illustrates

the perturbation in blue dashed lines:

%8We can, WLOG, consider a tax schedule with 7”7 (2*~) and T"!(z**) sufficiently large, so that the

SOC is strictly satisfied. Given indifference curves are convex, it is possible to have large T""(z*~) and
T"(z**+) and still have a tax function that lies below the indifference curve of type m.
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Figure 9: Perturbed tax schedule when there are kink points at 2*~, z**

where 01, 0o are chosen so that z*~ + 20; < 2*t — 2d,. We assume p is sufficiently small
so that there is no bunching at the two new kinks: z*~ + ¢§; and 2*" — dy (we can do
this because no one locates between (z*7, 2*") under T’; so while a few people from the
original kinks at z*~ and/or z** will “spread” out from this perturbation into the region
(z*7,2*"), the extent of this “spreading” goes to 0 with p). Moreover, we choose v so
that the individual with multiple optima isn’t changing with the perturbation (this will

become clearer later on in the proof):

ze k=

z*—

=77 () Ue(2*7)

Zor 2 u(2*)
I—T’l(z*+)

Now let us consider the effects of this perturbation. First, we will show that the
first-order effect on the government’s Lagrangian of perturbing the tax schedule in the
direction of 7(z) will be 0 (i.e., 0£/0pu| =0 = 0). However, we will then show that the
second-order effect of perturbing the tax schedule in the direction of 7(z) will be positive
(ie., O*°L/Ou?| =0 > 0), thus implying we were not at the optimal schedule. In order
to derive the second variation of the tax perturbation in the direction of 7(2), we will
need to write the effects of this perturbation (i.e., the mechanical, elastic, and jumping
effects) in a more involved manner than in the text. In particular, we will write these
effects as functions of p so that we can then differentiate them w.r.t. u (as opposed to
simply evaluating the Gateaux derivatives at ;= 0 as in the text). We now write each of
these effects out, starting with the elastic effect. The elastic effect from this perturbation
captures that individuals who initially bunch at the kinks now “spread out”: individuals

at z*~ spread to the right and individuals at z** spread to the left. The impact that
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. T . . 9T (z(n)
each spreading individual has on the Lagrangian is equal to /\T

). The next question
is how many individuals spread out from the original kinks? We need to determine how
the individual whose FOC is satisfied under the right marginal tax rate at z*~ changes

with ; let us denote this individual as a function of y by n"(x). Then, we can write the

elastic effect of this perturbation as A [ w f(n)dn. We can determine 2 using the
n [ p
implicit function theorem and the FOC for type n"(yu):%
e (57 = T = ), ) (L= ) = )
n'f'
1 . (38)
z
- = () — *— _
—l—nrul (z (z"7) — pr ("), nT>
Noting n”(0) = m and §-|,—g = m? we T7G"7) <0 (as 7"(2*7) = —1 and
2¥ T k— U *— ¥ *—

m Yol = M T Tm Yu

the denominator is positive by Appendix A.Sc.l). An analogous reasoning works at the
second kink z**, defining n'(p) as the individual whose FOC is satisfied under the left
ub Tl () ()

>0 (as 7"(z*T) =~ >0

*+
x4 u -+
z *+ 70 wt—z u;Tr

m el u*.+_ 1 m

and the denominator is positive, again by Appencdix A.3.1). So the elastic effect is:

)\/njl%;n»f(n)dn%—/\/mn %ﬁ@ﬂn)dn

. . !
marginal tax rate z** with %%M:o = m?

l

) / m T'T(z(n))ag(:> Fn)dn + A / ' T’l(z(n))a';(:) F(n)dn

There is also a mechanical effect. Recall that the mechanical effect of the tax schedule
holds behavioral responses constant (i.e., holds z(n) constant). Also, everyone outside of
the range [2*7, 2**] is unaffected by the perturbation:

" AW (u(n)) + M (z(n))]
z(n)f(n)dn ’ /m O

1

/m (W (u(n))uc(n)r(2(n)) + A (2(n))] f(n)dn + /n (W (u(n))uc(n)r(z(n)) + A7 (2(n))] f(n)dn

/m O [W (u(n)) + Aur(2(n))]
o o

Z(n)f(

where u(n) is shorthand notation for u (z(n) —T(2(n)) — ur (2(n)), @)

Finally, there is a jumping effect induced by this perturbation given by:

AT (2" (m(p), 1)) =T (2 (m(p), )]

u;” ()1 (27~ (m(p), 1) — wz™ ()7 (2 (m(p), 1)) £ (m(p))

*— z*— (m(u), * ¥ (m(p),
u (1) _n(l(:)ﬁg) H - ui (1) n(u,fﬁg o

% Note z*~ is not a function of u as n"(u) is defined as the person who is right indifferent at z*~.
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. —

where u;~ () = e (=~ (m(a), 1) = T (=" (m(12), 1)) = o (= (). ), =S840 ) e
m(u) captures the productivity level of the individual with multiple optima under the
perturbed scheduled while (z*~(m(u), 1), 2*(m(p), 1)) capture his lower and upper opti-
mal incomes under the perturbed schedule. Note, it is important to differentiate between
m and m(u): m is the productivity level of the individual with multiple optima un-
der the non-perturbed tax schedule: m = m(u)|,—. Similarly, (2*,2*") are the lower

and upper optimal income levels chosen by m under the non-perturbed tax schedule:

*

27 =2 (m(p), p)]p=o and 2F = 2" (m(p), 1) u=o.

Because 7(z*7) = 7(2*T) = 0, both the jumping effect and the mechanical effect of
this perturbation are 0 when evaluated at u = 0. Moreover, the elastic effect is also 0
when evaluated p = 0 (as the upper and lower limits of integration in the two integrals
in the elastic effect are identical in the limit as y — 0). Thus, the three effects of the
perturbation are all 0. However, we know that for a tax schedule to be a maximal schedule,
the second variation must be negative (if it’s positive, this means that the tax schedule
is actually a locally minimal tax schedule). Taking the derivative of the elastic effect
w.r.t. p and evaluating at u = 0 yields, recognizing that (62—(;)|n:n,,) ‘#:0 = %

c *—4
82_(”)‘ ‘ — L 60
and ( 8},L n:nl ,LL:O - f)/lfT/l(Z*"').

anr I k— Z;f** Z*i 8nl
Fp =T E Ty ) = A o

VAN A

N = 77)

(=" )y f(m)
Note, when differentiating the elastic effect w.r.t. p and evaluating at 4 = 0, we can
ignore the derivatives of the two integrands w.r.t. p as the intervals over which they are
integrated — 0 as p — 0. The derivative of the mechanical effect w.r.t. p evaluated at
p=01s 0 given that (7(2(n))|n=nr) |u=0 = 7(#*7) = 0 and (7(2(n))|p=nt) |p=0 = 7(z*") =
0. And the derivative of the jumping effect evaluated at p = 0 is:%!

AT (2*7) =T (2*F)]x

U,*_T/T(Z*_> 0z~ (m(u),p)

o |u:0 — () 2

c ou n=0
*— z*— x4 z*t
U Tz — W 2
where v}~ = u, (z** —T(z*ﬂ,%) etc. Note, however, that we have chosen 7(2)

60These formulas are derived, for example, by substituting in n = n"(u) into the expression for
in Equation 2, and then evaluating at u = 0.

61Note, while m(u), z*~ (m(p)p) and z*(m(u)u) are all functions of u, the derivatives of these terms
are all multiplied by 7(z*~) = 7(2*") = 0. Moreover, the derivative of 7 (z*~(m(u), 1)) with respect

0z(n)
op

to p (at p = 0) is T'T(z*_)%u(“)’“)h:o because the income for which an individual is indifferent,

2"~ (m(u), p), is increasing with u. By similar logic, the derivative of 7 (z*~ (m(u), 1)) with respect to u

. * 2* T (m s
(at u=0) is 7''(z +)%ﬂ(“)”)\u:0.
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O (my) | Ze T ortmu) | _ Zee? 62
such that TL&:O = W(z*—) and 8—11‘#:0 = _T(z*‘*')fy Given that
7(2*7) = =1 and 7' (z*") = ¥

s+ M %+ 8Z*+ (m(lu’)a :U’) .
0 ‘,LLIO U T (Z ) 0 ’,u:O o
I I
Zeo™ | o Zourt

_ A B AL ——
Ue 1—T”"(Z*_) +uc g 1—T’l(2*+)

where the last equality follows given our definition of 7. Thus, the derivative of the
jumping effect w.r.t. p evaluated at p = 0 is also 0. Thus, for the second variation in

the direction of 7(z) to be negative we require the derivative of the elasticity effect to be

negative:
on” AR on! A
Y I p—\__ Tt B T )y 22 0

We can plug in the definition of 8(’9_7” u=0 and %—Zt =0 (and divide through by m?) to yield:

U*iT,T(Z*i) ZC*,Z*i
- A = T" (2" ) % f(m)—
Sl = Sy b= TmE)
u*—}—Tll(Z*-i—) Zc* Z*—i—
A ot et u?i o B /l( *+) —1 _ZI:;Z(Z*+) f(m) <0
m Yol o F T W T Uy

Noting that A is the positive Lagrange multiplier on the budget constraint, 7" (2*7) = —1,
and 7(2*) = v

uz_ ZC*_Z*—
- T (2" )—2———f(m)
z;; uZl_ Zlc— . U;_ o z%u;— 1— T/T<z* )
UZ+ U 2 ZC*+Z*+
T )y —2"—f(m) <0
z*t *+u;‘+ o u*+ ozt okt ( ) 1 — T/I(Z*-‘r)f( )
m cl u*+ 1 m 12
. . . .. .. Z¢, _ 2"
Substituting in our definition of v and dividing through by !~ %7 —= =y We get:
T (%~ m TH( o+t m
i) i )
= k— *— o ok— * *x—+ *—+ * *—+
T Uy T - St T Uy il U U

om *— % 02" (m(n), 0z* " (m 5
52Note, 8;(;) lu=0 = 0 as 7(z*7) = 7(2*"). Hence %M:O = (me)) | =o0-

o7



But we showed previously that:

T (z*=) f(m) T"(z*") f(m)

o — s >0
X k= U w2k At o R A
m el i T W m il m el it T W m
given our assumptions on convexity of indifference curves and Zuy %t — u; — 2wy is in-
n Ue n

creasing in z along each n’s indifference curve. Hence, the second variation must actually
be strictly positive. Thus, we know that our tax schedule is a local minimizer of welfare;
hence, it cannot ever be locally optimal to have an individual with two optimal incomes
at a kink point. Hence, with one dimension of heterogeneity, it can never be optimal to

have an individual with multiple optimal incomes.

O

A.11 Proof to Corollary 2

Proof. First, we will show that those with the same x = na T will pick the same optimal

income level for any tax schedule:

)l—i-k

S I

2*(n,a) = areriax av(z = 1(z) - (1 +k

1+k
4
no 1+k

= argmax v(z — T'(z)) —

z 1+k
(z)l—i-k
= argmax v(z — T(2)) — 1‘”+ = 2*(x)

Thus, 2*(n, a) = 2*(x), i.e., those with the same x choose the same optimal income. We
will now show that the government problem collapses to a one-dimension problem. The

government problem is given by:

( *(n7a))1+k‘
W “(n,q)) — ~——2—n, dndF
rr%?z})( /A/N av(c*(n,a)) Tk n,a | f(n|a)dndF(«a)

St /A /N ¢*(n, a) f(n]a)dndF(a) + E < /A /N *(n, ) f(n|a)dndF(a)

where ¢*(n, ) = z*(n,a) — T(z*(n,«)). Because z is increasing in n, we can do the
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following change of variables:

z*(x 1+k
s [ / >>—%;n<x,a>,a g(zla)dzdF (a)
st// g(z|a)dzdF(a +E<// g(z|a)dzdF(a)

on(z,a)

5 = f(n(z, a)|a)a =3 Denoting

where g(z|a) = f(n(z, a)|a)

. * () \ 1HF
W(u*(x);z) = [, W(au*(z);n(z, o), a)dF(a|z) (where u*(x) = U(C*(I))—¢) and

1+k
switching the order of integration we get:

mMLWUWM—LL—%

T(z)

s.t. / c(z)g(x)dx + E < / 2*(z)g(x)dx
b's b's
Thus, the government’s problem collapses to a one-dimension problem with new social
welfare function W (u; z). Note, that because we assume f(n) is continuous, g(z) is also
continuous (the change of variables above shows this). Therefore, we can apply Corollary
1.

]

A.12 Proof of Proposition 4

Proof. Denote the two utility functions: u (c, %;al) = uM (c, %) and u (c, %;ag) =
u® (c, %) Let p denote the proportion of individuals who are type 1. To start with,
consider p = 0, so that we have unidimensional heterogeneity. Define T} as the (assumed
unique) optimal tax schedule when p = 0. To prove Proposition 4, we will proceed as
follows: first, we will show that when the proportion of type 1 individuals is p, the op-
timal tax schedule, T}, tends to Ty as p tends to 0. This will imply that when p is very
small but strictly positive, the optimal tax schedule 7}, ~ Tj. Second, we will show that
under Ty, we can find a u") with sufficiently flat indifference curves so that there exists
a type 1 individual with multiple optimal income levels under Tj. Finally, using the fact
that T}, = Tj for very small but positive p, we will note that we can construct an example
where both types are present and there exists a type 1 individual with multiple optimal

incomes.

First, we show that if we allow p percent of individuals to be type 1, T, — T as
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p — 0, where T}, denotes the optimal tax schedule when p percent of individuals are
type 1. Suppose not, so that T, — S # Tj. Denote total welfare of type 2 under T as
U®To and total welfare of type 1 under T, as U7, Denote total welfare under S for
the two types as UM and U5, Note that U?)® < UPT0 a5 Ty is the unique welfare
maximizing tax schedule for type 2 individuals. For very small p, T, is arbitrarily close
to S, so that total utility (which is continuous in the tax schedule) is arbitrarily close to
to pUMS + (1 — p)UP-S. But for small enough p we know that pUM-S + (1 — p)UP-S <
pUMDTo 4 (1 — p)UPDTo a5 UPS < U@ T0 Hence, for all sufficiently small p, Tp yields
higher utility than S, which is a contradiction. Hence T, — Tj as p — 0.

Now, let’s specify the functional forms for utility: u® = ¢ — (IEFH% for i = {1,2},
where we choose 0 < a1 < a3 so that type 1 has flatter indifference curves. It is easy
to check that these utility functions satisfy the conditions specified in Proposition 3, and
that they satisfy the (SCP). Next we select the productivity support for type 2 to satisfy
n® > 0and 7® < 1 where n® and 7 denote the minimum and maximum productivity

values that type ¢ can have, respectively. Next, we choose the productivity support for
o1 Q1
a2+1 ayp+1 ag+1 ap+1

type 1 such that n(!) = (n(2) > and 7 = (7 = ) . This productivity

range for type 1 ensures that both type 1 and type 2 will locate at the minimum and
maximum incomes chosen in society.®> Moreover, because n(® > 0 and 7® < 1, we also

knowthatn D> 0and m® < 1.

Now, consider the optimal tax schedule when p = 0, Tj, and consider a type 2 indi-
vidual (7(?), ay) with unique global optimal income z*(72?), ay) = 2 for which Ty(2) is
twice continuously differentiable at Z and T7/() < 0.°* % Note that = 0”) < 1 whenever
Ti(2*(n, «;)) exists. This is because whenever the tax schedule is dlfferentlable, z2*(n, o)
solves (by agent’s FOC):

L (- T

and because 0 < n < 1, T§ € [0,1), o; > 0 for i € 1,2, implying that 0 < z*(n,q;)/n < 1
(note, Mirrlees (1971) showed Tj; € [0,1) with one dimension of heterogeneity). Thus,
0<z/n® <1.

~—

Next, we know that 1 — 7"(2) — (ﬁé))a2 —&7 = 0 (as Z satisfies (7, ay)'s FOC). We
also know that (ﬁT;))QQ < (ﬁ‘é) “as s > aq > 0 and ( 2>) < 1. Thus, we know that
1-T'(2) — (ﬁ(%))al &7 <0, ie, 2*(@, ay) # Z. In fact, because 1 — T7(2) — (£)™ L is

n

increasing in n, we know that 7(!) > 7(® where 2" is the productivity level for type 1

63We have used the fact that marginal rates are 0 at the bottom and the top of the income distribution
by Propositions 6 and 7.

64Each type 2 individual will have a unique global optimal under T by Proposition 3.

65With a bounded skill distribution, all optimal tax schedules will have some decreasing component
as optimal marginal tax rates are 0 at the top and bottom of the income distribution, see Propositions
6 and 7.
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that solves: 1 —T"(Z) — (ﬁ%)al # =0.

Next, consider the SOC of type (7(?)

by agent maximization, SOC(Z; 7, ay) < 0:%

) at Z. Given Z is unique for type (2(¥, ay), then

Y
I

~ ag—1
SOC(3;7®, ay) = —&( il ) ~T)(3) <0

(@)% \a®@
Now consider the SOC for the individual ("), a;) who locates at 2:

~ a;—1
o Q@ z ~
SOC(z; 7Y ay) = _—(ﬁ(;))? (_ﬁ(l)) —T,(2)

Because 7V > 71 we know that

~ a;—1
o~ ~ (03] z "o,
SOC(zaY, ay) > “ReP (W) — T, (%)

Because —T} (2) > 0 we can find a small but strictly positive oy such that SOC(2; 7™M, ay) >
0, e.g., any a; < —T¢(2)7® 2 will make the SOC positive.” But if the SOC is positive,
this implies that this is, in fact, a local minimum for (7", ay), so that the type 1 indi-
vidual whose FOC is satisfied at Z (this individual is unique by SCP) does not locate at

Z. Hence, no type 1 individual locates at Z.

Finally, for sufficiently small p > 0, we know that T;(E) ~ Ty (%), so that the SOC
is still positive for this type 1 individual whose FOC is satisfied at z; thus no type 1
individual locates at Z. Moreover, by our choice of the support for type 1 individuals, we
know that some type 1 individual chooses to locate at the minimum income level chosen
in society and another type 1 individual chooses to locate at the maximum income level
chosen in society for any p.%® Putting these facts together implies that there must be a
jump discontinuity in the optimal income function z*(n, o), which in turn implies there
must be a type 1 individual with two global optimal income levels. Hence, for sufficiently

small p, we know that there must exist an individual with multiple optimal incomes.

]

66See Lemma 3.

S7Tf ay < Ty (2)ii?z we get SOC (27D, a1) > Ty (2) (z57)"" — T§/(%). Because =% < 1 and
~T{(2) > 0, we get SOC(%;7M ay) > 0.

68 Propositions 6 and 7 show that bottom and top tax rates are 0 for any p.
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A.13 Proof of Proposition 5

Proof. Suppose there are two types: a1 and as; the proof is easily extended to more
types. Suppose there exists an individual of type a; that has multiple optimal incomes,
2% (on), 2" (a1). We know Equation 11 holds V z in some neighborhoods around z*~ (o)
and z*"(cq) by Assumption 3 and the fact that T'(z) is twice continuously differentiable
at all but a finite set of points. Thus, we can take the limit of Equation 11 as Z — z*~

from the left and subtract off the limit of Equation 11 as Z — z*~ from the right to get:

1'(z)

lim (—&Zcéh( 2) + Jilen)p (al)) = lim ( -3

o Z5Zh(2) + Jo(on)p(a
1-T'(3) oz (2) a(a1)p( 1))
Let us suppose that the tax schedule is differentiable at z*~. We can simplify this equation

(using the fact that the elasticity effect for type aw is continuous at z*~ because we assume
the tax schedule is differentiable at z*~):

Ji(aq)p(ar) — Jo(aq)p(ay) = (2_1};3)7 (—1fl—§iz)zzcal zh (5’041)10(041))

as lim(gﬁz*_r( - T(, Zczh(z|a2) (« )> zlim(gﬁz*_ﬁ( ITT(,Z Zczh( |oz2)p(oz2)> given
continuity in the elasticity effect for type as, and lim; .-+ ( - T’(z ZCzh( \al)) plag) =

0 given no «; type locates just to the right of z*~

Substituting in the expressions for Ji, Jo, Z¢, and using the following identity that holds

at all Z for which the tax schedule is twice differentiable:

on(z*, a)

0z =

VL T g 6 + gt — ()
uh(1—1T"(z%)) + z*l,a)2 uy + n(zita)3u?l )

n(

h(Zla) = f(n(z, a)|a)
= [(n(z, a)la) (

2*=z

n(z 04)

we get:
*— *+ U:_
(T(") = T() et f(m )
(“z < U ) (40)
T (%),
lim —— = <22u — n(Z,a1)*f(n(Z, a1), o)
(E=2"7)" GanUdg, — W T nGae) W

where u*~ = u( - =T(z"), ;,al) u = u(%—T(E),n(%q);&l) etc., and where
1

*

we have substituted (1 — 77(z*)) = — 2™ and where m = n(z*~,aq) denotes the

*
Ue

productivity level of the individual with multiple optima.
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We will now use the Mean Value Theorem to rewrite the LHS of Equation 40. Con-

sider the function ¢é(z;m, aq,u) which implicitly solves u (é,%;al) = U, where 1 =
U (z*_ —T(z*), %; a1> =u (z*+ — T(z*T), Z:rj : al). Thus, ¢(z;m, a1, u) denotes the

consumption level for any income z that keeps utility for type (m, a;) constant at u. By
construction, ¢(z*7) = ¢(z*7) and é(2*%) = ¢(2*") (where, for ease of notation, we omit
m, a1, @ as arguments of ¢(+)).

Given ¢(z*7) = ¢(z*7) and ¢(2*") = c(2*T), we get T'(2*7) = 2*~ —¢é(z* ) and T'(2*1) =
2*t — ¢(z**). Thus, by the Mean Value Theorem we know for some z; € (2*7, 2*") the

following holds:

T(z*Y) — T(z* oz —¢ 1w (é(z1), 2«
(Z ) (Z ) = (M) — 1 + _ Z(A( 1> m 1) (41)
St 0z . mue (é(z1), 25 o)
where we used the implicit function theorem on u (é(z),ﬁ;al) = u to get ag(;) =

zZ .

1 ul(é(z),g,al)

Mo (), Zi0n )
Similarly, by the Mean Value Theorem we know for some 2z, € (z*7, 2*") the following
holds:

Thus, we can rewrite our optimality condition using Equations 41 and 42, substituting

-1 U
inT'(z2) =1+ ”(%C“ul, and multiplying both sides by —1:

(1 1 lul(é(zl)»ji?al)) ur

m uc(é(zl),%;oq)

_ Wz z
(Uz Uel e 7y T Uit m) N
1 @)~
. (1 + n(Z,a1) ﬁc> the
lim

. - ~ Z ~ o
()l e, —

——n(Z, ) f(n(Z,a1), )
uyy

—_z
n(z,a1)

Evaluating the limit on the RHS, noting n(z*~; @) = m and that utility is twice continu-
ously differentiable (so we can pass limits through the derivatives of the utility function)

we get:
1 ul(é(zl),z—l;a1> S o
@+mwwm5m)“0 ) (14 o) e '
z Uy z m f(m7 al) = ur— m f(m7 O[l) (43)
( u + m el vy, mu”> & 2=23 Y “m U u%* T m U
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Let’s first compare the numerators on either side of Equation 43. First, note that
T(H-T(") _

by our assumption that 7'(z) is everywhere increasing, we know that ———=

(1 + 2 M) > (0. By our assumption on convexity of indifference curves, we
(21

muc(c(zl) o
know that ——% > —%UZECA((Z _))’ — m; = —%UZEC((Z _))’ Tm% as z; > 2'°
c(z ,ﬁ,al we [ E(z*~ ,zm s ue [ c(z*— ,ZT;al
Thus, 0 < 1+ m% <1 + = *_ . Moreover, u:~ > 0. Hence we have that the
Ue(E(2z1),

numerators on the LHS and RHS are both positive and the numerator on the LHS is

smaller.

Now let’s compare the denominators on either side of Equation 43. We assume that
—uy+ %uch—i — Zyy is increasing in z along each individual’s indifference curve so that the
denominator of Equation 43 on the LHS is bigger than the denominator of Equation 43
on the RHS as z, > 2*~. Given that —u; + %ud;‘—i — Zuy > 0 by the SCP (see Appendix

A.3.1), we therefore have that both denominators are positive.

Thus, we have that the LHS of Equation 43 is smaller than the RHS of Equation 43
meaning Equation 43 cannot hold. This proves that the tax schedule cannot be differen-
tiable at z*7; an entirely analogous argument can be used to show that the tax schedule
cannot be differentiable at 2**. Hence, any optimal tax schedule that is increasing must
feature marginal tax rates that change discontinuously at all z € {2}, Finally, to
show that the tax schedule must feature marginal tax rates that increase discontinuously
V z € {2} we simply note that if the tax schedule decreased discontinuously at some
z € {2z} then no individual would find that z optimal, which contradicts the fact
that z is an optimal income for some individual.®® Hence, the tax schedule must increase

discontinuously at all z € {2/}, O

A.14 Proof of Proposition 6

Proof. First, we know that there exists a minimum income chosen in society. Specifically,
denote z as the lowest income chosen in society under the optimal tax schedule, where z

solves:

2 = min{=" (1,7 0)acs

where n, = min supp(f(n|a)). Moreover, by Lemma 1 we know that any n, locating

at z must have 2= e 0.7 We also know that H(Z|a) = F(n(z,a)la), so that
h(z2) = nen f(0, oz)%zn o) 0, where A = {«a s.t z2*(n,; o) = z}.

69 An indifference curve diagram in (¢, z) space shows that no one locates at kinks where the tax rate
decreases.

"0Given we assume that the lowest income chosen in society under the optimal tax schedule, z, is not
chosen by any individual with multlple optimal incomes, i.e., z ¢ {2™*!} we know that the tax schedule

is twice differentiable at z so that 2 8n | (n,, exists.
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Next, consider the following 7(z) function (with twice continuously differentiable expan-
sions between [Z—dz?, Z] and [Z+dZ, Z+dZ+dZ?] constructed analogously as in Appendix
A4):

9

—
N

—
I
QU

z if 2 <2 — dz?
T(2)=—z+4+2z2+dz* ifz €z z+dZ
7(z) =0 if 2> 2+dz+dz?

where Z and dZ are chosen s.t. Z + dZ + dz* < min{z"} and Z + dZ + dz* < min{K;}
(this is possible by Assumption 3 and Assumption 4). Following the same method in the
paper of perturbing the optimal tax schedule in the direction of 7(z), we get the following

condition for the optimal tax schedule:

/ (1= B(=) h(z)de" + %ﬁgh(z) - / ) %nz*h(z*)dz* =0

Taking the limit as Z — z from the right, we get:

T'(2)  gepiy
1_—T,(§)§Z§h(§>—0

2Z¢ . ) —uc(z-T(2),=; N
ﬁz@) simplifies to » 4 S(OC(Z(,TL)Q,;) a)p(&\z). We know that —u, < 0. Also, SOC < 0

Va by the fact that z ¢ {2"*} and Appendix A.3. Also, we showed above that h(z) > 0.
f _ —uclz2—T(z ,é;a
Thus, in order to satisfy %gZéh(z) =T"(2) Y nen S%C(;:afo‘j) >p(a|é)h(g) =0, it

must be the case that the optimal tax schedule has 7"(z) = 0.

O

A.15 Proof of Proposition 7

Proof. By an entirely analogous argument as in the proof of Proposition 6, there exists

a maximum income chosen in society z with h(z) > 0.

Again, by assumption z ¢ {2} From Equation 11, we know that for z >
max{ 2™} and 7 > max{K;} (such a maximum exists by Assumption 3 and Assumption

4), the optimal tax schedule must satisfy the following condition:

[Z (1 —w(z")h(z")dz" — Lg)zith(é) — /Z %ﬁz*h(z*)dz* =0
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Taking the limit as Z — Z from the left, we get:

')

T ZZSh(z) =0

By the same arguments as in the proof to Proposition 6, we know that % > 0. As

we also know that h(Z) > 0, this implies that the optimal tax schedule has T"(z) = 0.
[

A.16 Deriving Equation 13

We can simplify Equation 12 into a second order differential equation by first using the

following relationship, which holds at all points of differentiability of the tax schedule:

> ~ (971 z*)a
h(zZ|a) = f(n(z,@k@% L
~ izl {U:C(l — TP + qun(l = T'(2")) + gty UZT”(Z*)]
| (- T T e+

Substituting this into Equation 12 we get:

Z [—1+w(g,a) n 1'(2) )772,4 on(z*, a)

_ Tz
acA 1 T (Z

0 [Z T'(2) s e on(z*, a)

0z 1—T/(2)77% 9z

acA

and plugging in 27¢, = —(1 - T"(2)) we get:

tec(1=T"(2))%+ 2t (1-T(2)+ g au—acT" (2)

f(n(Z, a)|a)p(e)+

2*=z

. T'(Z on(z*,
Z [—1 +w(Za)+ - ;'25) nm} E’jz* )

% [Z -l f (n(%a)\oa)p(a)] =0

%ﬂd(l — T’(Z)) -+ #ﬂl + ;;322”

where @, = u, <2 —T(2), -~ );a> etc.

' n(Z,a
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B Optimal Tax Formulas for Continuously Distributed

«

In this section we derive formulas for the optimal tax schedule under the assumption that

F(n,«) is twice continuously differentiable in both arguments.

B.1 Government Problem

The government problem is now written as:

maX// ( ( (n,a), Z*<”’O‘),a> ,a> dF (n, o)
t. // naana)+E<// *(n, a)dF(n, a)

2*(n,a) € argmax u (z —T(2), 37 oz) Vn, a
n

z

c(n,a) =z2*(n,a) — T (z"(n,a))

Without loss of generality, we set £ = 0. The government Lagrangian is given by:

L= /A /0 N {W <u <c*(n, o), Z*(Z’ O‘>;a) ;n,a) + AT(z*(n,a))] f(n, a)dnda

B.2 Technical Assumptions

We make the following technical assumptions. As in the main text, we assume the (SCP)
(Assumption 1). This implies Lemma 1 still holds (i.e., 2*(n, «) is non-decreasing in n V
« and is increasing in n V o whenever 7"(z) exists). However, Lemma 2 must be adjusted
to the following:

Lemma 4. If (SCP) holds, the set of individuals with multiple optimal income levels is

measure 0.

Proof. For each «a, the set of types n with multiple optima is countable by the proof of
Lemma 4. Label them m;(«) for ¢ = 1,2,3,.... If a given « only has a finite number
k of types n who have multiple optimal incomes, set m;(«) = 0 for i@ > k. Note the
graph of the function m;(«) has measure 0 in N x A (as the graph of any measurable
function is measure 0).” Then, the set of individuals with multiple optima is contained

in U°,m; (), and the countable union of measure 0 sets is measure 0. O

We continue to assume that Assumption 2 holds, so that, for any «, there exists a

"'We assume that m;(a) is a measurable function, which rules out pathological cases.
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minimum distance D; between the productivity levels of individuals with that a who have
multiple optimal income levels. Again, this assumption is needed to rule out pathological
settings whereby all individuals with rational productivity levels have multiple optima,
for example.

We no longer make Assumption 3 (that there is a minimum difference between the

elements of {z!"

ult1) as this no longer seems plausible for continuous . For instance,
if type (n, ;1) has multiple optima at z*~, by continuity arguments, it seems entirely
plausible that type (n,a; — €) has a multiple optima at z*~ — ¢ with § — 0 as e — 0.
Instead of Assumption 3, we assume that the set of individuals for whom z* is one of
their multiple optimal income levels is measure zero for all z* in Assumption 5:

Assumption 5. Let A(Z,Z+dZ) denote the set of types a for whom there is some (n, «)

with multiple optimal incomes, one of which is between Z and Z + dzZ. Then:

lim fla)da =0

dZ2=0 J (2 z+dz2)

Finally, we make the following assumption on the shape of the optimal tax schedule:

Assumption 6. T'(z) is everywhere twice continuously differentiable.

Note, we no longer need to allow for the tax schedule to have kink points (as we did in
Assumption 4). With discrete a, we needed to allow for kink points in the tax schedule as
the income density, h(z*), discontinuously changes at each {2} as no individual with
type a can locate in between any {z;” («), 2/ " (a)} by the (SCP). With continuous a, it
is still true that no individual of type « type can locate between {z™ (), z**(«)}; but,
provided that only a measure 0 set of individuals locating at any {z"“!} are multiple
optima individuals by Assumption 5, then h(z*) will evolve continuously so that we no

longer need to allow for kinks in the tax schedule.

B.3 All Individuals Have A Unique Optimal Income

We will now derive a differential equation that characterizes the optimal tax schedule.
Like in the main text, we first will derive a condition assuming that all agents’ have
one global optimal income level under the optimal tax schedule. We then relax this
assumption and show how this changes the differential equation characterizing the optimal

tax schedule.

We know that starting from the optimal tax schedule, the derivative of the government
Lagrangian in the direction of 7(z) must be 0. Thus, the optimal schedule must satisfy
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the following condition:
9 [/ / {W <u <z* —T(z") — pr(z"), Z;a) ;n,a) + XMT(z") + ,uT(z*))] dF(n, oc)} ’ =0
op [Ja Jo n n=0

where we omit that z* is a function of (n, @) as well as the perturbed schedule T'(-) 4 p7(+).

Because the tax schedule is everywhere differentiable by Assumption 6 we have:

[ ] ey ea(re ] vne)]arma =0

where W, = OW (u;n, @) /Ou and v* = u (z* — T (%), Z; ).
Next, because the SOC holds strictly for all individuals by Lemma 3, we can use
Equation 2 to rewrite %—i| u=o0 in terms of elasticities. We can also rewrite Equation 44 in

terms of the optimal income distribution (we can do this because z*(n, @) is increasing

in n by Assumption 6 and Lemma 1):

/A/Z [—Wu(u*)“ZT(Z*) - A <T’(z*) <1Z_TQ(ZZ)T(Z) + %T(z*o —7(2 ))] dH(z*,a) =0
(45)

* 0z

where H(z", a) = F(n(z",®), a), and where u”, ug, 5+

eg,u"=u <z —T(z ),n(z—:a);a)

We now consider the same 7(z) function as in the main text (see Appendix A.4 for the

|,=0 are now functions of (2*, ),

definition of 7(z)). Plugging the values of 7(2) and 7/(z) into Equation 45, we can use the
same logic as in Appendix A.5 to yield Equation 46, a differential equation characterizing
the optimal tax schedule:

Lm(1—@(z*))h(z*)dz*—%ﬂgh(z)—/:O %())n (") =0 (46)

Where (IJ(Z* =/, MCZH (cr]z*) denotes the average social welfare weight at income
=/ 1 Z5 4dH (a|Z) denotes the average compensated elasticity at income z, 7.« =

f ) nz*’adH (cr|z*) denotes the average income effect parameter at z*.

B.4 What if Individuals have Multiple Optimal Incomes?

In deriving Equation 46, we assumed that all agents had one global optimal income level
under the optimal tax schedule. However, there is no reason why this assumption need
be true. We now proceed to derive the differential equation characterizing the optimal
tax schedule allowing for a measure 0 set of agents to have multiple optimal income

levels. To do so, first let us assume that there exists at most one n for each « that has
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multiple optimal income levels under the optimal tax schedule. Denote the productivity
levels of these individuals as m(«).™ Specifically, m(«a) satisfies the following indifference

condition:

where z*~ and z**(«) denote (m(a), a)'s minimum and maximum optimal incomes, re-
spectively. Note, we have suppressed that z*~(a), 2**(«), and m(«) are also functions of

the tax schedule. Using this notation, we rewrite the government Lagrangian as follows:

L- /A /0 e {W <u (c*(n, o), Z*“;’ @) ;a> ;n,a> AT (2 (n, oz))} dF(n, )+

/A/mo:) lW (“ ((” ) T, O‘) n a) AT (=" (n, a))} dF(n,a)

Now consider perturbing the optimal tax schedule in the direction of 7(z). Using the

same derivation as in Section 3.2, we get:

om(a)|  _ ur ()7 (2 () —ugt (@) T (7 (a)) -
O o T T (@ — i (0) o

where u*(a) = u, <2*+(a) —T(z*" (), Z*+(O)‘) ; a) and u) (o) = uy (z*_(&) —T(z* (a)),

m(a

etc.

Next, we use Leibniz’s integral rule to take the derivative of the government Lagrangian

in the direction of 7(z), starting from the optimal tax schedule:

/A/OOO [_W“(U*WZT(Z*) +A (87(;(;*)

/A {W (u*(a)) + AT(2* <“>>873ff‘)

T(z*)ﬂ dF (n, o)+

pu=0

} F(m(a) o) dF ()~

pu=0

} F(m(a)|a)dF(a) = 0

pu=0

Note that in the first term above, we integrate over the entire set of individuals (even
oT'(z*)
op
optima is irrelevant because the set with multiple optima is measure 0, so does not affect

those with multiple optima). The value that we assign to |i=0 for those with multiple

"If no type « individual has multiple optimal incomes, set m(a) = 0.
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the integral in the first term. Noting that «*~ (o) = v**(a) V «, we get:

/A/Ooo {_WU(U*W?ET(Z*) A (a:g(:*)

/A AT (= (@) - T (=" (a))) a’g—g}‘)‘“zo F(m(a)|a) dF(a) = 0

J/

e artnae

n=

(48)

~
jumping effects

Let us now explore the jumping effects in Equation 48 in more detail. We know
by Equation 47 that the value of these jumping effects will depend on the tax changes
experienced at z*~(«) and z*"(«). We consider the same 7(z) function as in the main
body of the text (see Appendix A.4 for the definition of 7(2)).

As in Section 3.2, if z**(a) < Z — dZ?, the jumping effect for these a’s will be equal
to 0 as as 7 (2*7(a)) = 7 (2* («)) = 0 implying 8’;—}8‘1)\“:0 = 0.

Next consider 2*"(a) > Z+dz +dz? and 2*~ (a) < Z—dz?. For these «s, the jumping
effect in Equation 48 will be equal to:

e i UZ+ (o) dz _ ~
MT (2 () =T (2" (a))) o) T f(m(a)|a) = Ji(a)\dz

u~ (a) i(Tp —u" () mia)?

as 7 (2" (a)) = dz and 7 (2* () = 0.

Now consider z*~(a) > Z +dz + dz%. For these a's, the jumping effect in Equation 48

will be equal to:

wt(a)dz —uf (o) dz

2~ (a * z*t(a
( 2) _ ul+ (@) m(oE)Q)

AT (2 (@) = T (2" (a))) I (m(a)|a) = Jo(a)\dZ

w (@)

as 7 (2" (@) =7 (2" (o)) = dz.

However, differently from Section 3.2, we can no longer pick Z and dZ to ensure that
{zmulty ¢ [z — dZ?, Z + dZ + dz?] because we no longer make Assumption 3. Let A(Z —
dz?, Z+dz+dz?*) denote the set of a for whom at least one of (m(a), a)'s optimal incomes
fall in [z — d2?, 2 + dZ + dz?].7

Note, from the definition of 7(z) in Appendix A.4, 7(z) € [0,dZ + 2dz?], so that the

jumping effect for each of these o’s is less than:

uw'™ (o) (dz 4 2dz?)

i (@) T T ()

MT (2(0)) =T (= (@)  f(m(a)la)

m(a)?

"3Note, if we were to relax the assumption that only one n for each o has multiple incomes, we know
that by Assumption 2, for sufficiently small dz, only one (m;(«), &) can have a multiple optimal income
within [2 — d??%, Z + dZ + dZ?] for each a.

71



Thus, the total jumping effect for those with a multiple optima in [Z — dz?, Z + dZ + dz?|
is less than:
u'” (a) (dz + 2dz?)

Ty (m(a)|a)dF(a)
*— a * ¥t (a
u (a) m((i)z) — " (o) W.E)g

/A(~ dz?,z4+dz+dz2) A (T (Z*+(a>) - T (Z*_<a)))

< / (dZ + 2d3*) BdF(«)
A(Z—dz2 z4+dz+dz2?)

where B is a constant that bounds A (T (2**(a)) — T (2"~ (@))) —————2-—— f(m(a)|a)

z*~ (a) 4

U () ) T (@)
on [z —dz% zZ+dz+ dz*.™ Finally, as in Section 3.2 we divide Equation 48 by AdZ

and taking the limit as dZ — 0. The jumping effect for those with multiple optima in
[Z — dz?,Z + dZ + dZ?] goes to 0 by Assumption 5. Rearranging the other terms as in

Appendix A.5 we get an analogous optimality condition for the tax schedule:

/OO (1= &(2)) dH (") f’—%zzth(z) - /OO %nz*dh{(z*)

(49)
+/ [J1(a)1 (2" (o) < 2 < 2*F()) + J(a)1 (2" (a) > 2)] fla)da =0

A
Equation 49 gives us a condition that the optimal tax schedule must satisfy at all
income levels under the assumption that there is at most one type n for each a with

multiple optima.

Finally, we can relax the assumption that there exists at most one n for each «
with multiple optima. As in Section 3.2, we allow there to exist a countable number of
individuals with multiple optima for each a. Denote m;(a) as the i productivity level

with multiple optimal incomes, and denote their minimum optimal income as 2]~ («)

and their maximum optimal income as z;*(a). Denote the number of individuals with

multiple incomes for a given « as M («) (which can also be countably infinite or zero).

Given this new notation, we can write the government’s Lagrangian as:"

- / / e {W (u (C*(n, a), @;@ ;n,a> FAT(2*(n, a))] dF(n, )+
/ / e [ ( <c*(n, o), %‘”‘) a) ;n,a) + )\T(z*(n,a))] dF(n, )+
/A /m . [W (u (c*(n, o), @ a) n, a) +AT(2*(n, a))} dF(n, o)

"We assume such a bound exists. Given that u; ™ () ’j;(ogy) —ut () m(éf) > 0 V(m(«w), ) by SCP
(see Appendix A.13), if we assume utility is continuous in « (as well as in n) and the support of F(n, «)
is closed and bounded, the extreme value theorem gives us that such a bound exists.

5We've used Assumption 2 to ensure that the set {m;(a)} can be totally ordered using the usual

relation <, so that we can write out the Lagrangian as a sum over integrals with endpoints in {m;(«)}.
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Using identical logic as before, we can augment Equation 49 as:

/:O (1= &(=")) dH (=) — %5@1(5) - /:o %ﬁz*dff(z*)
M@ (50)
/A Z [J1(a)1 (27 () < 2 < 2z ()) + Jai(@) 1 (27 (a) > 2)] f(a)da =0

Equation 50 gives us a differential equation the optimal tax schedule must satisfy at

all income levels.

C Simulation Appendix

C.1 Step-by-Step Simulation Procedure

Below we discuss our simulation procedure when we allow for the possibility that one
individual has multiple optima under the optimal tax schedule (note, this is an endogenous
assumption and needs to be checked). The procedure can be augmented to allow for
more individuals with multiple optimal incomes. This procedure is written for the utility

function and government social welfare function described in Section 5.2.

First, set values of ay,ay (note, under linear taxes, Z¢ = ail), where, WLOG, a1 < as.
Set primitive distributions: f(n|ay) for n € N,, and f(n|as) for n € N,, where N,, are
closed, bounded sets. Let p(ay), p(aw) reflect proportions of type 1 and 2 in society. Note,

1+a2 1+a1

for simplicity, we choose the minimum skill for type 2, n,, to satisfy na,”> = n.,' , and
1+ag 1+aq

the maximum skill for type 2, n,,, to satisfy a,> =Tna;" so that both type 1 and type

2 locate at the minimum and maximum incomes chosen in society under the optimal tax
schedule, which features 0 marginal rates at the top and bottom - see Propositions 6 and
7, respectively. We assume some individual with type o; has two optimal income levels.”™

We check afterwards that no ay individual has multiple optimal incomes.

1. Choose initial values for [X, T(z), (ng, a1), (m, en), T}y,

T}, where T/

"1, Ty denote

the sizes of the two jumps in the marginal tax rate schedule, (m, ;) denotes our
individual with multiple optima, and (n;, @1) denotes the individual who picks the
same income level as the individual with multiple optima, (m, «;), and who’s FOC
is satisfied (from the left) at this income level, i.e., (n;, ;) has his FOC satisfied

from the left at z*~ where 2*~ denotes the minimum income chosen by our multiple

"6Indifference curves for type «; individuals are less steep than for type ap type individuals; one can
see from an indifference curve diagram that individuals with less steep indifference curves will be more
likely to have multiple optimal incomes than individuals with steeper indifference curves.
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optima individual (m, ;). We assume exogenous government expenditures, E, are

0.
2. Determine initial values:

(a) Set T'(z) = 0, where z solves:
1+aq 1+ag
: 041 a2
Z=mn | Na;~ ;Nay

where n, = min N,,. This expression comes from substituting in 7"(z) = 0

into (n,,,o) and (n,,,a2) FOCs. Note, by our choice of N,, and N,,, we
1tag 1tag

know that n.," = na,? .

(b) Determine optimal utility at z, u(z; ;), using following expression:

1+ai
4
(ﬂai >

1+CYZ'

u(zy o) =2+ T(2) —

(c) Save vector of starting values: [z, Y (2)] = [2,T"(2), u(z; 1), u(z, az)]
3. Determine Y'(z) = [T"(z), v (z; 1), v/ (2, aa)]:

(a) For i = 1,2, calculate the n; for type a; whose FOC is satisfied at z:

z% Tha;
i) = (=73

(b) For i = 1,2, calculate f(n;|c;)

(c) If n(z;aq) = ng:™"
i. Change the marginal tax rate at z to 7"(z) + 17,
ii. Save the value of this income level as z*~.

iii. Calculate the utility for our multiple optima individual:™®

()"
u(z*"ymyon) =27 =T(2"7) — in—i——a
1

iv. Restart at the beginning of Step 3.
(d) If z > z* and u(z;m,aq) < u(z*";m, ay):

i. Change f(ni|ai) =0 (because no oy type can locate in (z*~, 2*T))

""Technically, we check that n(z;ay) > n; and n(z — € a1) < ng.
"8Denoting the skill level of individual who’s FOC is satisfied from the right at income z*~ as n,., we
know our indifferent individual’s skill level m must satisfy n; < m < n,..
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8.

(e) If u(z,m, 1) = u(z*";m, ap):™

i. Change the marginal tax rate at z to be T'(z) = T"(2) + T},
ii. Restart at the beginning of Step 3.

(f) Calculate w(z; ;) using following equation:

1 1
w(z; o) = =

u(z; o)A 2\
A (z +T(z) — %)

(g) Solve for T"(z), %, and % using Equation 14 and the following

equation (which holds for i = 1,2):

8n(z;oz,-) Oy (Z(l —T/(Z)))ﬁ‘lli +

oy —2—oy
= o (1 =T (2)) ™o T

(h) Calculate % using the following equation:*

ou(zyop) 2 On(z; )
0z  n(za)*e 0z

(i) Save Y/(2) = [T(2), 2lzi), 2utziea)
(j) Save f(mi(z;a1)lan) and f(nz(2; az)laz)

Determine Y (z + €) using a first-order Taylor Series expansion:
Y(z+¢€) =Y (2)+€eY'(2)

Repeat steps 3 and 4 until z = Z, the highest income chosen by any type.

Under the tax schedule that solves the differential equation for given initial values,

calculate:

2 —
Mo,

R= Zp(ozi)/ T(=(n: ) f (n] s )

where z(n; a;) solves z = (n!T*i(1 — T’(z)))a%'.81

. Search over values of T'(z) until R = 0 so that the government budget constraint is

satisfied.

Search to find A, (n;, 1), (m, ), T}, T}, that maximize welfare.

"Technically, we check that u(z;m,ay) > u(z*";m,a1) and u(z — & m, ay) < u(z*~;m,ay).

80This expression comes from applying the envelope theorem and then doing a change of variables
from n to z.

81Note, we account for the fact that there is bunching at kink points when calculating R.
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9. Check that z assigned to each person (n,«) maximizes utility for that type.
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C.2 Optimal Consumption Schedules

16 -
0% Type 2
14+ |[=——10% Type 2
———25% Type 2
12 [ [swnesmnne 50% Type 2
......... 75% Type 2
10 - 90% Type2 | e
100% Type 2 T

Consumption

0 2 4 6 8 10 12 14 16
Income

Figure 10: Optimal Consumption Schedules for Various Percentages of Type 2 Individuals
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